Introduction {#Sec1}
============

Overview of BH-NS binaries {#Sec1.1}
--------------------------

Black hole-neutron star (BH-NS) binaries are believed to be formed as a result of two supernovae in a massive binary system (see \[[@CR125]\] for an alternative possibility). After their formation, the orbital separation decreases gradually due to the longterm gravitational radiation reaction (i.e., two objects are in an adiabatic inspiral motion), and eventually, two objects merge to be a black hole system. The lifetime of a binary in quasi-circular orbit is approximately written by (see \[[@CR156], [@CR155]\] or Chapter 16 of \[[@CR186]\]) $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{*{20}{c}}
  {{\tau _{{\text{GW}}}} = \frac{{5{c^5}}}{{256\;{G^3}}}\frac{{{r^4}}}{{({M_{{\text{BH}}}} + {M_{{\text{NS}}}}){M_{{\text{BH}}}}{M_{{\text{NS}}}}}}\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;} \\ 
  { \approx 1.34 \times {{10}^{10}}{\text{yrs}}{{\left( {\frac{r}{{6 \times {{10}^6}{\text{km}}}}} \right)}^4}{{\left( {\frac{{{M_{{\text{BH}}}}}}{{6{M_ \odot }}}} \right)}^{ - 1}}{{\left( {\frac{{{M_{{\text{NS}}}}}}{{1.4{M_ \odot }}}} \right)}^{ - 1}}{{\left( {\frac{{{m_0}}}{{7.4{M_ \odot }}}} \right)}^{ - 1}},} 
\end{array}$$\end{document}$$ where *r*, *M*~BH~, and *M*~NS~ are the orbital separation, masses of the BH and NS, respectively, and *m*~0~ = *M*~BH~ + *M*~NS~. *G* is the gravitational constant and *c* the speed of light, respectively. The lifetime for a binary of elliptic orbits with the semi-major axis *r* is shorter than *τ*~Gw~ \[[@CR156], [@CR155]\]. Thus, if the initial semi-major axis is smaller than ∼ 10^7^ km, the BH and NS merge within the Hubble time scale after a substantial emission of gravitational waves \[[@CR155]\]. In most of the inspiral phase during which the binary separation gradually decreases due to the gravitational radiation reaction, two compact objects are well approximated by two point masses in an adiabatic orbit, because their radii are much smaller than the orbital separation (finite-size effects, such as tidal deformation, are negligible) and also the gravitational-radiation-reaction time scale is much longer than the orbital period (cf. Equation [(2)](#Equ2){ref-type=""} with *r* ≫ *Gm*~0~/*c*^2^). The evolution through the inspiral phase is well understood within the post-Newtonian (PN) approximation \[[@CR25]\]. On the other hand, throughout the late inspiral to the merger phases, the orbital evolution process depends significantly on their finite-size effects and the resulting modification on the interaction between the two objects. In addition, the adiabatic approximation for the orbital evolution becomes worse, because the gravitational-radiation-reaction time scale is as short as the orbital period; the ratio of *τ*~GW~ to the orbital period, *P*~orb~, is approximately written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${{{\tau _{{\rm{GW}}}}} \over {{P_{{\rm{orb}}}}}} \approx 1.8{\left({{r \over {6G{m_0}/{c^2}}}} \right)^{5/2}}{\left({{{{M_{BH}}} \over {6{M_ \odot}}}} \right)^{- 1}}{\left({{{{M_{NS}}} \over {1.4{M_ \odot}}}} \right)^{- 1}}{\left({{{{m_0}} \over {7.4{M_ \odot}}}} \right)^2},$$\end{document}$$ and thus, for the orbit close to the last one with *r* ∼ 6 *Gm*~0~/*c*^2^, *τ*~GW~ is comparable to *P*~orb~. In particular, in the merger phase and subsequent remnant-formation phase, the dynamics of the system depends strongly on the structure of the NS (the radius and density profile, or its equation of state; hereafter EOS) and the BH spin, as well as on general relativistic gravity. This implies that a numerical study in the framework of general relativity is required for precisely understanding the final evolution phase of BH-NS binaries.

BH-NS binaries have not been observed yet even in our galaxy in contrast to NS-NS binaries \[[@CR205], [@CR131]\]. However, many of statistical studies based on the stellar evolution synthesis suggest that the coalescence will occur by 1--10% as frequently as that of NS-NS binaries in our galaxy and hence in the normal spiral galaxies \[[@CR144], [@CR160], [@CR223], [@CR98], [@CR97], [@CR20], [@CR21], [@CR148]\] (every ∼ 10^6^--10^7^ years). In addition, coalescence in elliptic galaxies could contribute to the total coalescence rate of the universe by a significant fraction \[[@CR147]\]. This implies that coalescence is likely to occur frequently in the Hubble volume, and therefore, the evolution process and the final fate of BH-NS binaries deserve a detailed theoretical study. In particular, the following two facts have recently enhanced the motivation for the study of BH-NS binaries: First, BH-NS binaries in close orbits are among the most promising sources for the large laser-interferometric gravitational-wave detectors, such as LIGO \[[@CR126], [@CR2], [@CR1]\], VIRGO \[[@CR222], [@CR4], [@CR3]\], LCGT \[[@CR120]\], and Einstein Telescope \[[@CR91], [@CR92]\]: The frequency and amplitude of gravitational waves near the last orbit are estimated to give $$\documentclass[12pt]{minimal}
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                \begin{document}$$f \approx {\Omega \over \pi} \approx 594\,{\rm{Hz}}{\left({{{6G{m_0}} \over {{c^2}r}}} \right)^{3/2}}{\left({{{{m_0}} \over {7.4{M_ \odot}}}} \right)^{- 1}},$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$h \approx {{4G{m_0}\mu} \over {{c^4}Dr}} \approx 3.6 \times {10^{- 22}}\left({{{{M_{BH}}} \over {6{M_ \odot}}}} \right)\left({{{{M_{NS}}} \over {1.4{M_ \odot}}}} \right)\left({{{6G{m_0}} \over {{c^2}r}}} \right){\left({{D \over {100{\rm{Mpc}}}}} \right)^{- 1}},$$\end{document}$$ where *μ* is the reduced mass of the binary defined by *M*~BH~*M*~NS~/*m*~0~, and *D* is the distance to the source. The frequency for the late inspiral orbits is just within the frequency-band sensitivity for the advanced gravitational-wave detectors, ∼ 10--3000 kHz, and the amplitude of ∼ 10^−22^ is high enough that the signal of gravitational waves may be detected. The detection rate of BH-NS binaries will be ∼ 0.5--50 events per year for the advanced detectors such as advanced-LIGO \[[@CR126]\]. To detect gravitational waves and to extract physical information from the gravitational-wave signal, theoretical templates must be prepared. This has motivated PN and numerical-relativity studies as well as two-body approximate general relativistic studies (e.g., \[[@CR37], [@CR50], [@CR11], [@CR12]\]) for the coalescing compact binaries. The second fact is that BH-NS binaries may be some of the progenitors of the central engine of gamma-ray bursts with short time duration ≲2s (SGRB) \[[@CR142]\], for which the source is still unknown. To elucidate whether the merger of BH-NS binaries could be a promising source for the progenitor of the central engine, numerical-relativity simulations are required (see also Section [1.3](#Sec1.3){ref-type="sec"}).

The final fate of BH-NS binaries is classified into two categories; a NS is tidally disrupted by its companion BH before it is swallowed by the BH or a NS is simply swallowed by its companion BH in the final phase. There is a third possibility, in which *stable mass transfer* occurs after the onset of mass shedding of the NS by the BH tidal field. Although this may be possible, numerical simulations performed so far have not shown this to be the case, as will be mentioned in Section [1.6](#Sec1.6){ref-type="sec"}.

The final fate of a NS depends primarily on the mass of its companion BH and the compactness of the NS. When the BH mass is small enough or the NS radius is large enough, the NS will be tidally disrupted before it is swallowed by the BH. A necessary (not sufficient) condition for this is semi-quantitatively derived from the following analysis. Mass shedding of a non-spinning NS occurs when the tidal force of its companion BH at the surface of the NS is stronger than the self-gravity of the NS. This condition is approximately (assuming Newtonian gravity) written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$2{{G{M_{{\rm{BH}}}}({c_R}{R_{NS}})} \over {{r^3}}}\gtrsim{{G{M_{{\rm{NS}}}}} \over {{{({c_R}{R_{NS}})}^2}}},$$\end{document}$$ where RNS is the circumferential radius of the NS at *r* → ∞. *c*~r~ is a function of *r* and an EOS-dependent parameter, which is larger than unity and denotes a degree of tidal deformation of the NS, i.e., the semi-major axis is assumed to be elongated as *c*~R~*R*~NS~. The left-hand side denotes the tidal force by the BH at the surface of the NS and the right-hand side is the self-gravitational force of the NS at the inner edge of its surface.

We emphasize here that Equation [(5)](#Equ5){ref-type=""} is the necessary condition for the onset of *mass shedding*, strictly speaking. Tidal disruption occurs after substantial mass is stripped from the surface of the NS, during the decrease of the orbital separation due to gravitational-wave emission. Thus, tidal disruption should occur for a smaller orbital separation (larger orbital angular velocity) than that derived from Equation [(5)](#Equ5){ref-type=""}. We also note that the NS radius is assumed to depend weakly on the NS mass. If the radius quickly *increases* with mass loss, tidal disruption may occur soon after the onset of mass shedding.

Assuming that the binary is in a circular orbit with the Keplerian angular velocity, Equation [(5)](#Equ5){ref-type=""} may be written in terms of the angular velocity $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega ^2} \geq 0.5c_{\rm{R}}^{- 3}{{G{M_{{\rm{NS}}}}} \over {R_{{\rm{NS}}}^3}}(1 + {Q^{- 1}}),$$\end{document}$$ where *Q* denotes the mass ratio defined by *M*~BH~/*M*~NS~. The latest general-relativistic numerical study for quasi-equilibrium states of BH-NS binaries derives a more quantitative result \[[@CR209], [@CR210]\] (see Section [2](#Sec2){ref-type="sec"}), $$\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega ^2} \geq C_\Omega ^2\left({{{G{M_{{\rm{NS}}}}} \over {R_{{\rm{NS}}}^3}}} \right)(1 + {Q^{- 1}}),$$\end{document}$$ where the value of the constant, *C*~Ω~, is ≲ 0.3 for a system composed of a NS of irrotational velocity field and a non-spinning BH. The small value of *C*~Ω~ ($\documentclass[12pt]{minimal}
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                \begin{document}${C_\Omega}(< \sqrt {0.5})$\end{document}$) indicates that mass shedding is enhanced by significant tidal deformation (i.e., *c*~R~ \> 1) and/or possibly by general relativistic gravity of the NS. Equation [(7)](#Equ7){ref-type=""} indicates that the frequency of gravitational waves at mass shedding is $$\documentclass[12pt]{minimal}
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                \begin{document}$$f = {\Omega \over \pi} \geq 1.0{\rm{kHz}}\left({{{{C_\Omega}} \over {0.3}}} \right){\left({{{{M_{NS}}} \over {1.4{M_ \odot}}}} \right)^{1/2}}{\left({{{{R_{{\rm{NS}}}}} \over {12{\rm{km}}}}} \right)^{- 3/2}}\sqrt {1 + {Q^{- 1}}} .$$\end{document}$$ Thus, tidal disruption is likely to occur for a high frequency *f* ≳ 1 (0.7) kHz for a NS of *M*~NS~ = 1.4 *M*~⊙~ and *R*~NS~ = 12 [(15)](#Equ15){ref-type=""} km, irrespective of the BH mass.

Up to now, we implicitly assume that orbits with arbitrary orbital separations may be possible for the binary system. However, BH-NS binaries always have the innermost stable circular orbit (ISCO) determined by the general relativistic effect, and hence, we should impose the condition that mass shedding (and tidal disruption) has to occur before the binary orbit reaches the ISCO in this analysis. According to PN analysis \[[@CR25]\], a non-dimensional orbital compactness parameter, *Gm*~0~Ω/*c*^3^, at the ISCO, is ∼ 0.10 for 1 ≤ *Q* ≤ 5 for a system composed of a non-spinning BH and a NS. (The tidal-deformation effect reduces this value by ∼ 10--20% \[[@CR209], [@CR210]\]). In the presence of the ISCO, the condition for the onset of mass shedding is written by $$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal{C}_{{\rm{ISCO}}}} \equiv {{G{m_0}{\Omega _{{\rm{ISCO}}}}} \over {{c^3}}} \geq {{G{m_0}\Omega} \over {{c^3}}} \geq {C_\Omega}{\left({{{G{M_{{\rm{NS}}}}} \over {{R_{{\rm{NS}}}}{c^2}}}} \right)^{3/2}}{(1 + Q)^{3/2}}{Q^{- 1/2}},$$\end{document}$$ where Ω~ISCO~ is the angular velocity at the ISCO, and $\documentclass[12pt]{minimal}
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                \begin{document}${{\mathcal C}_{{\rm{ISCO}}}} \sim 0.1$\end{document}$ for a system composed of non-spinning BH (for a spinning BH, this could be much larger than 0.1; see Section [1.2](#Sec1.2){ref-type="sec"}). Equation [(9)](#Equ9){ref-type=""} is rewritten to give $$\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ denotes the compactness of the NS, which will be, according to nuclear physics theories for high-density matter, in the range between ∼ 0.12 and ∼ 0.25 \[[@CR115], [@CR116]\] for the typical NS of mass 1.2--1.5 *M*~⊙~. This estimate suggests that tidal disruption by a *non-spinning* BH could occur *for a binary of a relatively low mass ratio of Q* ≲ 5. Equation [(10)](#Equ10){ref-type=""} also shows that the conditions for the onset of mass shedding and for tidal disruption depend strongly on the compactness of the NS.

In the above simple estimate, the tidal-deformation effect of the NS to the orbital motion is not taken into account. As a result of the tidal deformation, the gravitational force between two stars is modified, so are the orbital evolution and the criterion for tidal disruption. Lai, Rasio, and Shapiro \[[@CR111], [@CR113], [@CR112]\] thoroughly investigated the effects associated with tidal deformation in the Newtonian framework with the *ellipsoidal approximation*. They found that the two-body attractive force is strengthen by the effect of the tidal deformation and, by this, the orbital separation of the ISCO is increased (see \[[@CR165], [@CR166], [@CR114], [@CR190]\] for related issues) and that gravitational waveforms in the late inspiral phase are modified (see \[[@CR66], [@CR68], [@CR67], [@CR72]\] for related issues). Uryū and Eriguchi confirmed the fact that the tidal force modifies the orbital motion of BH-NS binaries by numerically computing equilibrium states of a binary composed of a point mass and a fluid star. The essence is that in addition to the Newtonian potential, which has the form ∝ *r*^−1^, the correction term of the form ∝ *r*^−6^ appears when a NS is tidally deformed. The magnitude of this correction increases steeply with the decrease of the orbital separation, and modifies the location of the ISCO. Also, the tidal effect accelerates the orbital evolution, because the orbital velocity (and the centrifugal force) has to be increased to maintain circular orbits in an enhanced attractive force, and then, the emissivity of gravitational waves is enhanced, leading to a shorter inspiral time.

Tidal problem around a BH: Effects of BH spin and the NS EOS {#Sec1.2}
------------------------------------------------------------

As shown by a simple estimate in the previous Section [1.1](#Sec1.1){ref-type="sec"}, the final fate of BH-NS binaries depends primarily on the mass ratio, *Q*, and the compactness of the NS, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$. However, a detailed analysis has shown that the BH spin and the NS EOS also play an important role in determining the final fate. In particular, the effect of the BH spin can be significant.

A general relativistic study for the criterion of mass shedding (note again that this is not the criterion of tidal disruption) was first performed using an analysis of the tidal interaction between a fluid star and a Kerr BH in circular orbit \[[@CR71], [@CR137], [@CR135], [@CR191], [@CR225], [@CR94], [@CR69], [@CR70], [@CR154]\]. In this class of analysis, one handles a fluid star orbiting a Kerr BH in a circular orbit (the center of the fluid star has a geodesic motion around the Kerr BH), and analyzes the structure of the star taking into account the tidal field of the Kerr BH located at the center. Specifically, one analyzes the Euler equation in the following form $$\documentclass[12pt]{minimal}
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                \begin{document}$${{d{u_i}} \over {d\tau}} = - {1 \over \rho}{{\partial P} \over {\partial {x^i}}} - {{\partial \phi} \over {\partial {x^i}}} - {C_{ij}}{x^j},$$\end{document}$$ where *τ* is the affine parameter of a geodesic around the BH, *x*^*i*^ is a coordinate orthogonal to the geodesic, *u*~*i*~ denotes the internal velocity of the fluid star, *ρ* is the rest-mass density, *P* is the pressure, *ϕ* is the Newtonian potential, which obeys Δ*ϕ* = 4*πGρ*, and *C*~*ij*~ determines the lowest-order tidal field \[[@CR135]\]. Higher-order corrections of the tidal potential based on the Manasse-Misner formalism \[[@CR134]\] are also given in \[[@CR94]\].

The gravitational effect of the fluid star on the orbital motion, the gravitational radiation reaction, and the relativistic effect on the self-gravity of the star are in general neglected (see \[[@CR69]\] for a more detailed phenomenological analysis). Thus, this analysis is valid only for the case in which *the BH mass is much larger than the NS mass* and t *the radius of the NS is relatively large*: For the case of BH-NS binaries of mass ratio ≲ 10, this analysis can provide only a qualitative or semi-quantitative nature of the tidal effect and orbital evolution. However, by this analysis, several important qualitative properties of the criterion of mass shedding have been found. One of the most important findings is that the criteria for the onset of mass shedding (and/or for tidal disruption) depend sensitively on the BH spin, *a*. The reason for this is that the angular velocity at the ISCO depends sensitively on the BH spin; *G*Ω~ISCO~*M*~BH~/*c*^3^ = 1/6^3/2^ for the non-spinning BH whereas it is 1/2 for the BH of maximum possible spin, *a* = 1 \[[@CR16], [@CR186]\]. Here, the spin is non-dimensional and defined by $\documentclass[12pt]{minimal}
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                \begin{document}$a \equiv c{J_{{\rm{BH}}}}/GM_{{\rm{BH}}}^2$\end{document}$ where *J*~BH~ is the angular momentum of the BH. As Equation [(10)](#Equ10){ref-type=""} indicates, the increase of Ω~ISCO~ results in the increase of the critical value of *Q* for mass shedding (tidal disruption). Indeed, analyses \[[@CR191], [@CR225]\] indicate that the critical value for *Q* (or BH mass) increases by a factor of ∼ 15 if the spin is changed from zero to the maximum value (*a* = 1); e.g., for an incompressible fluid star, the maximum possible mass of a BH, which can cause mass shedding, was derived as $$\documentclass[12pt]{minimal}
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                \begin{document}$${M_{{\rm{BH}}}} = {C_M}{M_ \odot}{\left({{{{M_{{\rm{NS}}}}} \over {1.4{M_ \odot}}}} \right)^{- 1/2}}{\left({{{{R_{{\rm{NS}}}}} \over {10{\rm{km}}}}} \right)^{3/2}},$$\end{document}$$ where *C*~*M*~ ≈ 4.6 for *a* = 0, 7.8 for *a* = 0.5, 12 for *a* = 0.75, 19 for *a* = 0.9, and 68 for *a* = 1.

Another important finding is that the criteria for mass shedding (and tidal disruption) depend on the NS EOS even if the mass and radius of the NS are identical \[[@CR225], [@CR94]\]: NSs with stiffer EOS, (i.e., with high adiabatic index) have a relatively uniform density profile and are susceptible to tidal deformation, mass shedding, and tidal disruption by the BH tidal field. Consequently, condition [(12)](#Equ12){ref-type=""} is modified by the EOS. In the calculation with compressible models \[[@CR225], [@CR94]\], the maximum possible mass of a BH, which can cause mass shedding, may be reduced by 10--20% for soft EOS (with the relatively small adiabatic index). This implies that not only the compactness of the NS but also its EOS, which is still unknown, is reflected in the tidal disruption event. General relativistic studies for quasi-equilibria of BH-NS binaries in addition show that the self-gravity of the NS significantly reduces the maximum mass of the BH for the onset of mass shedding (see Section [1.4](#Sec1.4){ref-type="sec"} and Figure [22](#Fig22){ref-type="fig"}).

Why is the merger of BH-NS binaries important? {#Sec1.3}
----------------------------------------------

The merger of BH-NS binaries (more specifically, tidal disruption of a NS by a BH) is physically and astrophysically an important phenomenon, and deserves a detailed study, because of at least three reasons as follows. Gravitational waves emitted during tidal disruption of a NS will bring us invaluable information about the radius and the EOS of the NS, because the orbital frequency at tidal disruption depends strongly on the compactness of the NS (*GM*~NS~/*R*~NS~*c*^2^), e.g., \[[@CR107], [@CR109]\]. The masses of the NS and the BH will be determined by the data analysis for gravitational waves emitted in the inspiral phase (see, e.g., \[[@CR49]\] and also references cited in \[[@CR96], [@CR180]\]). If the NS radius could be determined or constrained from the observation of gravitational waves emitted during tidal disruption, the resultant relation between the mass and the radius of the observed NS may be used for constraining the EOS of the high-density nuclear matter \[[@CR127], [@CR220], [@CR70]\]. Therefore, the gravitational-wave observation for BH-NS binaries will provide a new tool for exploring high-density nuclear matter, which is totally independent of standard nuclear experiments. The issue here is to theoretically clarify the dependence of gravitational waveforms on the NS EOS quantitatively; theoretical templates for a variety of possible EOS have to be prepared.A tidally-disrupted NS may form a disk or torus of mass larger than 0.01 *M*~⊙~ with the density ≳ 10^11^ g/cm^3^ and the temperature ≳ 10 MeV around the remnant BH, if tidal disruption occurs outside the ISCO. A system consisting of a spinning BH surrounded by a massive, hot, and dense torus has been proposed as one of the likely sources for the central engine of a GRB \[[@CR143], [@CR232], [@CR161], [@CR142]\]. For the merger of BH-NS binaries, the resulting disk is likely to be compact and its mass is relatively small, of order 0.1 *M*~⊙~. Since the lifetime of such a disk is likely to be short (≲ 1 s), BH-NS binaries are proposed to be the progenitor of SGRB. Specifically, the merger of a low-mass BH and/or a rapidly-spinning BH, and its companion NS can be a candidate for the source of the central engine. According to the observational results by the *Swift* and *HETE-2* satellites \[[@CR142]\], the total energy of the SGRB is larger than ∼ 10^48^ ergs, and typically 10^49^--10^50^ ergs. This value may be explained if 1--10% of the thermal energy generated in a compact disk around a BH is converted to SGRB: $$\documentclass[12pt]{minimal}
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                \begin{document}$$L = {\eta _{{\rm{eff}}}}{{G{M_{{\rm{BH}}}}\dot M} \over {{r_d}}} \approx 2 \times {10^{49}}{\rm{ergs/s}}\left({{{{\eta _{{\rm{eff}}}}} \over {{{10}^{- 2}}}}} \right)\left({{{10 \; G{M_{{\rm{BH}}}}} \over {r_{d}{c^2}}}} \right)\left({{{\dot M} \over {{{10}^{- 2}}{M_ \odot}/s}}} \right).$$\end{document}$$ Here, *η*~eff~ is the efficiency, *r*~*d*~ is the typical inner radius of the disk, and *Ṁ* is the mass accretion rate. The issue to be resolved is whether or not the mass and thermal energy of the torus formed after the merger are large enough for driving an SGRB of such huge total luminosity. The latest observations have also discovered that a longterm X-ray flare of duration ∼ 10^3^--10^4^ s is often associated with an SGRB \[[@CR142]\]. Another more challenging issue is whether or not such an activity may be explained in the BH-NS merger scenario.Material ejected from a tidally-disrupted NS may be important for understanding the observed abundances of the heavy elements that are formed by rapid neutron capture in the r-process \[[@CR118]\]. One crucial question is whether it is possible for a fraction of material to escape from the system, because the situation is not well prepared for the mass ejection. Tidal disruption of a NS occurs typically at an orbital separation of ∼ 10*GM*~BH~/*c*^2^. For a test particle of mass *m* in *a* circular orbit around the BH with *r* = 10 *GM*~BH~/*c*^2^, the total energy is approximately *GM*~BH~*m/*2*r* = 0.05 *mc*^2^. For a free nucleon, 0.05 *mc*^2^ ≈ 50 MeV. Thus, the issues are, specifically, to answer whether it is possible to give about 50 MeV energy to each nucleon and, if possible, to clarify what the relevant process is.

General relativistic study of BH-NS binaries in quasi-equilibrium states {#Sec1.4}
------------------------------------------------------------------------

There are two computational tasks necessary to deeply understand the nature of the final coalescence phase of BH-NS binaries. One of the important tasks is to quantitatively determine the tidal-deformation effect on the orbital evolution in the late inspiral phase and the criterion for the onset of mass shedding (which is a necessary condition for tidal disruption). Determining the degree of the tidal deformation in close orbits is a crucial task for deriving phenomenological two-body equations of motion including the tidal-deformation effect (e.g., \[[@CR50]\]).

In the framework of Newtonian gravity, a lot of effort was devoted to qualitatively determining the degree of the tidal deformation, its effects on the orbital motion, and the criterion of mass shedding \[[@CR71], [@CR111], [@CR114], [@CR213], [@CR191], [@CR217], [@CR225], [@CR94]\] as reviewed in Section [1.1](#Sec1.1){ref-type="sec"}. Although those approximate analyses are valuable for understanding the qualitative nature of coalescing close binaries, they cannot be appropriate for a quantitatively strict understanding, because coalescing BH-NS binaries in close orbits are in a highly relativistic state. A fully general-relativistic study is obviously required.

Motivated by this fact, numerical computations of quasi-equilibrium states in general relativity have been performed in the past 5 years by several groups, after early attempts, which were done in an approximate formulation of extreme mass ratios \[[@CR19], [@CR207]\] or in a preliminary formulation \[[@CR138]\]. The first results in general relativity were published in 2006 by three groups: Taniguchi and collaborators \[[@CR208]\], Grandclément \[[@CR82], [@CR83]\], and Shibata and Uryū \[[@CR202], [@CR203]\]. All these works solved the Hamiltonian and momentum constraint equations, and some components of Einstein's equation (see Section [2](#Sec2){ref-type="sec"} in detail). The first two groups employed the *excision formulation* (in which the region inside the BH apparent horizon is excised from the computational domain) and the last one employed the *moving-puncture* formulation. However, those early-stage results were unsatisfactory for accurately studying quasi-equilibrium sequences. Taniguchi and collaborators treated only mildly-relativistic NS and the numerical computation was not very accurate. The numerical code by Grandclément included some mistakes and the results were not correct. Shibata and Uryū constructed BH-NS binaries only including the corotating motion for the internal velocity field of the NS. However, in subsequent work, this situation was soon improved. Taniguchi and collaborators succeeded in accurately computing BH-NS binaries in quasi-equilibrium \[[@CR209]\] and investigated their nature in detail \[[@CR210]\]; Grandclément corrected his numerical code \[[@CR83]\], and derived results as accurate as those of Taniguchi et al.; Kyutoku et al. succeeded in constructing BH-NS binaries with the irrotational velocity field for the NS \[[@CR197], [@CR106]\] developing a formulation originally proposed by Shibata and Uryū \[[@CR202], [@CR203]\]. All these groups computed sequences of quasi-equilibrium states and studied the nature of BH-NS binaries in close circular orbits (see Section [2](#Sec2){ref-type="sec"}).

Except for the early work of Shibata and Uryū \[[@CR202], [@CR203]\], all the computations have been done based on the spectral methods library, LORENE \[[@CR79]\], because this enables high-precision computation, e.g., \[[@CR27], [@CR28], [@CR84], [@CR85]\]. (Note also that Grandclément and Taniguchi are two of the main developers of the LORENE library).

The Cornell-Caltech group also developed a numerical code, based on a spectral method for the precise computation of BH-NS binaries in quasi-equilibrium states \[[@CR75]\], extending their original code to BH-BH binaries \[[@CR158], [@CR47], [@CR40]\]. Up to now, this group has published quasi-equilibrium sequences only for the equal-mass case, which is not very realistic for BH-NS binaries, although their results for a variety of BH-NS binaries have been used as initial conditions for numerical-relativity simulations \[[@CR58], [@CR57], [@CR74]\].

There are also two additional works on BH-BH/BH-NS binaries in quasi-equilibrium \[[@CR216], [@CR8]\]. However, these works primarily discuss a numerical method for computing BH binaries in quasi-equilibrium, and do not shown any computational results for BH-NS binaries. Hence, we do not review them in this article.

Non-relativistic simulation for the merger {#Sec1.5}
------------------------------------------

The other important task is to clarify the evolution process in the last inspiral and merger phases. For this purpose, the numerical simulation is the unique approach because (at least) non-linear hydrodynamics including related physics has to be solved. The merger process of BH-NS binaries was first studied in the framework of Newtonian or pseudo-Newtonian gravity by several groups \[[@CR95], [@CR124], [@CR123], [@CR121], [@CR122], [@CR171], [@CR169], [@CR174]\]. These works have *qualitatively* clarified the tidal disruption process, the subsequent formation process of a BH-disk system, properties of the remnant accretion disk, gravitational waveforms emitted during the merger, and a fraction of matter ejected from the system. Earlier work \[[@CR95], [@CR124], [@CR123], [@CR121], [@CR122], [@CR171]\] was performed modeling BH by a point mass of Newtonian gravity. Because of the absence of the ISCO around the point mass in Newtonian gravity, the gravity in the vicinity of the BH was even qualitatively different from that in reality. They conclude that the NS might be tidally disrupted even in an orbit very close to the BH (well inside a radius of 6 *GM*~BH~/*c*^2^, which is unrealistic), and consequently, a massive remnant disk with mass larger than 0.1 *M*~⊙~ might be formed around the BH, irrespective of the mass ratio and the internal velocity field of the NS. In subsequent work \[[@CR169], [@CR174]\], the general-relativistic gravity of the BH was partly mimicked employing the Paczyński-Wiita potential for the point mass \[[@CR152]\]. In this work, it was found that massive disk formation with mass larger than 0.1 *M*~⊙~ was possible only for a binary system composed of a low-mass BH or of a spinning BH for the case that the BH mass is not low \[[@CR174]\]. These properties are qualitatively in agreement with those derived in recent fully general-relativistic simulations, and thus, for qualitatively or semi-qualitatively understanding the nature of the BH-NS merger, the pseudo-Newtonian simulation is shown to be helpful. In recent years, approximately general relativistic simulations were also performed by two groups \[[@CR64], [@CR65], [@CR164]\]. The derived qualitative features in the merger of BH-NS binaries agree with those from pseudo-Newtonian studies as well as by the general relativistic studies described in Section [3](#Sec3){ref-type="sec"}.

Simulations in \[[@CR95]\] were carried out incorporating detailed microphysical processes such as finite-temperature EOS and neutrino emission employing a neutrino leakage scheme. The neutrino luminosity from the BH-disk system formed in their simulations was found to be 10^53^--10^54^ ergs/s for the first 10--20 ms after the formation of the disks. This was the result for the case in which a hot and massive disk (of temperature ≳ 10 MeV and mass 0.2--0.7 *M*~⊙~) is formed. The high neutrino luminosity is encouraging for driving a SGRB via neutrino-antineutrino pair annihilation process. As remarked upon above, the massive disk formation in their model parameters would unlikely if general relativistic effects had been correctly taken into account. The high temperature also does not agree with a latest fully general relativistic result in which the simulation was performed with a similar EOS \[[@CR57]\]. However, the results of \[[@CR95]\] suggested for the first time that if such a massive disk was indeed formed, the resulting BH-disk system was a promising candidate for the central engine of SGRB. Also, their technique for handling the neutrino emission process becomes a useful guideline for detailed numerical studies in full general relativity (e.g., \[[@CR183], [@CR185]\]).

Stable mass transfer occurs or not {#Sec1.6}
----------------------------------

One interesting question for the final phase of BH-NS binaries is whether the stable mass transfer occurs in a close orbit; specifically, the question is whether the mass accretion from a NS to its companion BH proceeds for a time scale longer than the orbital period while escaping tidal disruption or merger. This could occur if the orbital separation does not decrease due to the presence of mass accretion. As discussed in several works and also indicated in the following, the answer is not trivial at all.

Clark and Eardley originally guessed that stable mass transfer could occur *for a binary of mass ratio larger than a critical value* (but smaller than a value determined by the presence of the ISCO; cf. Section [1.1](#Sec1.1){ref-type="sec"}), based on their analytic PN analysis \[[@CR43]\]. In their analysis, the decrease of the orbital separation associated with gravitational-wave emission, which is one of the important processes in compact binaries of close orbits (see Equation [(2)](#Equ2){ref-type=""}), was not taken into account. Cameron and Iben showed the importance of the gravitational radiation reaction for the onset of the stable mass transfer even in the close binary of white dwarfs \[[@CR38], [@CR22]\]. In addition, Benz et al. \[[@CR22]\] show that if the stripped mass of a mass-shedding star forms a disk around the companion primary star (or contributes to the spin-up of the companion), the condition for the onset of the stable mass transfer is further restricted (see below).

The condition for the onset of stable mass transfer is roughly derived applying the analysis method of \[[@CR38], [@CR22]\] to BH-NS binaries. Here we will derive the approximate condition, briefly showing the essence of their analysis method. In the following, the analysis is performed in the Newtonian-gravity framework (except for the incorporation of the gravitational radiation reaction), and we assume that the mass element is not lost from the system nor forms a common envelope for simplicity; the material stripped from a mass-shedding NS is assumed to fall into the companion BH or to form the disk surrounding the BH, because this is indeed the case as found in general relativistic simulations. We also assume that the NS radius does not change, because it indeed depends only weakly on the NS mass as long as the mass is larger than ∼ 0.4 *M*~⊙~ (e.g., \[[@CR116], [@CR186]\] and Figure [10](#Fig10){ref-type="fig"}). For a very low-mass NS, the radius steeply increases with decreasing NS mass. We do not consider such a low-mass NS here.

In the Newtonian framework, the total angular momentum of the system is written as $$\documentclass[12pt]{minimal}
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                \begin{document}${{\dot J}_{{\rm{GW}}}}$\end{document}$ is the loss rate of the angular momentum by the gravitational-wave emission, written assuming that the system is composed of point masses, as 6.4*m*~0~(*μ*/*m*~0~)^2^(*Gm*~0~/*c*^2^*r*)^7/2^, and *Ṡ* (≥ 0) denotes the total increase rate of the angular momentum of the BH and a disk of the BH. *Ṡ* is totally unknown; to determine it, a numerical simulation is necessary. Because it should be approximately proportional to *Ṁ*~NS~ (the mass-shedding rate of the NS) and *M*~BH~, we write *Ṡ* = *α*~s~*Gc*^−1^ *Ṁ*~BH~*M*~BH~, where we use *Ṁ*~BH~ = −*Ṁ*~NS~. *α*~s~ is a constant of order unity if all the stripped mass elements contribute to spin-up of the BH or to forming a disk; on the other hand, *α*~s~ = 0 if the stripped mass element does not contribute to the spin-up and the formation of a disk. The assumption *α*~s~ = 0 corresponds to the case in which we simply assume that the orbital momentum of the accreting material is simply added to the companion BH (the orbital angular momentum of the BH is increased).

Using Equation [(14)](#Equ14){ref-type=""} with *Ṁ*~BH~ = − *Ṁ*~NS~ \> 0, $\documentclass[12pt]{minimal}
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Mass shedding sets in when Condition [(7)](#Equ7){ref-type=""} is satisfied. Thus, Equation [(18)](#Equ18){ref-type=""} may be rewritten in the form $$\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.13 - 0.21$\end{document}$, the right-hand side of Equation [(20)](#Equ20){ref-type=""} is ≲ 0.1. This suggests that stable mass transfer may occur in principle with a short time scale (in ∼ 10 orbits). However, we note that for a too large value of *Q*, mass shedding is unlikely to occur outside the ISCO, as illustrated in Section [1.1](#Sec1.1){ref-type="sec"} (but for a high-spin BH, this may be avoided).

Next, we consider the case of *α*~s~ = *O*(1). Then, the condition for stable mass transfer becomes $$\documentclass[12pt]{minimal}
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                \begin{document}$C_\Omega ^{1/3} \lesssim 0.7$\end{document}$. Thus, the term \[⋯\]^−1^ is likely to be much larger than unity for *α*~s~ = *O*(1), and because of this presence of the term associated with *α*~s~ = *O*(1), stable mass transfer is more strongly restricted. This indicates that the possibility for the occurrence of stable mass transfer depends strongly on the accretion process of the mass-shedding fluid elements, e.g., if the accreting material contributes mainly to the spin-up of the companion BH with *α*~s~ = 1, the last term (the term \[⋯\]^−1^) is ≳ 3, and thus, the mass accretion rate has to be quite high for stable mass transfer to occur. However, with such a high mass-shedding rate, stable mass transfer would only for a short time scale, if at all. One interesting point is that to realize the onset of the stable mass transfer, the formation of the disk surrounding the BH or the spin-up of the BH has to be significantly suppressed.

Many Newtonian simulations, even when including the gravitational radiation reaction by the quadrupole formula, have found that stable mass transfer occurs (e.g., the works by Janka et al. and Rosswog et al. \[[@CR95], [@CR171]\]). Their results agree in a sense with that in early predictions such as in \[[@CR43]\]. Janka et al. \[[@CR95]\] show that the presence of the gravitational radiation reaction slightly prevents stable mass transfer, but this is not a very strong effect. However, their subsequent work \[[@CR169], [@CR174]\] shows that the discovery of stable mass transfer seems to be due to the lack of correct general relativistic physics. They performed an improved simulation in which general relativistic corrections to the gravity of the BH were phenomenologically taken into account via a pseudo-Newtonian prescription and showed that stable mass transfer was unlikely to occur, at least for the parameter space they considered. This shows that the gravitational radiation reaction alone does not prevent stable mass transfer, but this plus the strong two-body gravitational force in general relativity does. Remember that in the presence of general relativistic two-body effects, the onset of mass shedding outside the ISCO is possible only for a small value of *Q*, although for the stable mass transfer, a high value of *Q* is required. This conclusion agrees with the results in fully general relativistic simulations (see Section [3](#Sec3){ref-type="sec"}). General relativistic simulations, in which the mass accretion process to a BH is accurately followed, also show that the accretion of the stripped mass is used to spin up the BH. This is also an important property for preventing the onset of stable mass transfer (see Section [3](#Sec3){ref-type="sec"}).

It is worth noting that numerical simulations for BH-NS binaries with both a high BH spin with *a* \> 0.9 and a high mass ratio with *Q* ≥ 10 have not been performed yet. For such a case, a strong repulsive force associated with spin-orbit coupling is likely to decrease the orbital radius of the ISCO and also to increase the inspiral time scale in a close orbit. This effect may help the onset of stable mass transfer, and thus, further studies are still required on this topic.

General relativistic study of late inspiral and merger {#Sec1.7}
------------------------------------------------------

As illustrated above, general relativistic effects (the general relativistic attractive force between two bodies and resulting presence of the ISCO, spin-orbit coupling effect, and the general relativistic self-gravity in the NS) play a crucial role in the dynamics of a close binary system of a BH and a NS. Up to merger, the dynamics are primarily determined by the strong general relativistic gravity, and thus, the orbital evolution in a close binary, the merger and tidal disruption processes, the criterion of tidal disruption, and the evolution of the tidally-disrupted NS material depend strongly on general relativistic effects. Numerical computation in a fully general relativistic framework is obviously required for accurately and quantitatively understanding the nature of orbital evolution and the merger of BH-NS binaries; although non-general-relativistic works have provided a qualitative insight for these systems. Fortunately, the simulation in full general relativity is not a difficult task any longer, as reviewed in this paper. Now there is no reason to employ approximate frameworks for the study of this system.

Since 2005, which was the break-through year in the field of numerical relativity, the simulation of binaries composed of BHs has been feasible. Soon after the first success for the simulation of BH-BH binaries \[[@CR162]\], work on the merger of BH-NS binaries was published \[[@CR202], [@CR203], [@CR197], [@CR62], [@CR58], [@CR63], [@CR194], [@CR57], [@CR107], [@CR108], [@CR41], [@CR74], [@CR154], [@CR109]\]. Shibata and his collaborators (hereafter the Kyoto/Tokyo (KT) group) performed a fully general relativistic simulation for a BH-NS binary merger for the first time, extending their earlier works for NS-NS binaries \[[@CR193], [@CR200], [@CR201], [@CR198], [@CR199], [@CR196]\]. Soon after the success of the KT group, the University of Illinois at Urbana-Champaign (UIUC) and Caltech/Cornell/CITA/Washington State University (CCCW) groups also performed simulations for BH-NS binary merger. The UIUC group extended their earlier work on NS-NS binaries \[[@CR59]\], and the CCCW group extended their work for BH-BH binaries \[[@CR30], [@CR31], [@CR181]\] incorporating the hydrodynamics equation solvers \[[@CR57]\]. Subsequently, several scientific results have been derived recently by these groups. In addition, in 2010, the Louisiana State University/Brigham Young University/Perimeter Institute/Long Island University/Indiana University (LBPLI) and Albert Einstein Institute (AEI) groups published their first results for the BH-NS binary merger \[[@CR41], [@CR154]\]. All these groups will report with more sophisticated physics incorporating nuclear-theory-based EOS, microphysical processes, and magnetic-field effects in the near future. Thus, in the following sections, we focus only on reviewing the current status of the general relativistic studies (see also \[[@CR56]\] for a review of the latest status of this field in 2010).

Outline and notation {#Sec1.8}
--------------------

This review is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we review the current status of the study of quasi-equilibrium states of BH-NS binaries in general relativity. First, the formalisms for a solution of quasi-equilibrium states are described and then the resulting solution, its sequence, and implications are summarized. In Section [3](#Sec3){ref-type="sec"}, we review the current status of the numerical-relativity study of BH-NS binaries. In Section [3.1](#Sec3.1){ref-type="sec"}, we summarize the formulations, procedures, and numerical implementations employed in numerical simulations. In Section [3.2](#Sec3.2){ref-type="sec"}, the parameter space (composed of masses of BH and NS, BH spin, and the EOS of NS) investigated so far is summarized. In Sections [3.3](#Sec3.3){ref-type="sec"}--[3.7](#Sec3.7){ref-type="sec"}, the numerical results for the evolution process throughout the late inspiral to the merger, tidal disruption processes, properties of the remnant formed after the merger, and features of gravitational waveforms and gravitational-wave spectra are summarized. We recommend that readers who are interested only in these simulation results read Section [3.3](#Sec3.3){ref-type="sec"}--3.7.

In this article, we adopt the following notations: Latin and Greek indices denote spatial and spacetime components, respectively. *t* denotes the coordinate time. In Section [2](#Sec2){ref-type="sec"} and the Appendix [A](#App1){ref-type="app"}, the geometrical units of *c* = *G* = 1 are used, whereas in other sections, *c* and *G* are recovered. *g* ~*μν*~- the spacetime metric,*γ*~*μν*~ ≡ *g*~*μν*~ + *n*~*μ*~*n*~*ν*~- the three metric on a three dimensional hypersurface Σ*t*,*n* ^*μ*^- the timelike unit hypersurface normal,*K* ~*ij*~- the extrinsic curvature on Σ~*t*~,*K*- the trace of the extrinsic curvature,*α*- the lapse function,*β* ^*i*^- the shift vector,*g*- the determinant of *g*~*μν*~,γ- the determinant of *γ*~*ij*~; $\documentclass[12pt]{minimal}
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                \begin{document}$h \equiv 1 + \varepsilon + {P \over \rho}$\end{document}$- the specific enthalpy of the fluid,*k*- the polytropic constant,Γ- the adiabatic index,*u* ^*μ*^- the four velocity of the fluid,*M*~NS~ and *M*~BH~- the gravitational masses of NS and BH in isolation,*M* ~b~- the baryon rest mass of NS,*m*~0~ ≡ *M*~ns~ + *M*~BH~- the total mass at infinite separation,$\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \equiv {{G{M_{{\rm{NS}}}}} \over {{c^2}{R_{{\rm{NS}}}}}}$\end{document}$- the compactness of NS in isolation,*R* ~NS~- the circumferential radius of spherical NS,Ω- the orbital angular velocity,*f*- the frequency of gravitational waves,λ- the wavelength of gravitational waves.

Quasi-Equilibrium States {#Sec2}
========================

In this section, we first review formulations to construct BH-NS binaries in quasi-equilibrium, and then the representative numerical results derived so far.

Formulation {#Sec2.1}
-----------

For a solution of BH-NS binaries in quasi-equilibrium, it is at least necessary to solve Einstein's constraint equations and relativistic hydrostationary equations, supplemented by NS EOS. To derive a better model of quasi-equilibrium states, a part of Einstein's evolution equation is also solved with an additional assumption. Until now, two approaches have been proposed to constructing BH-NS binaries in quasi-equilibrium. The main difference in those approaches comes from the method for handling the BH singularity. In one approach the BH singularity is eliminated from the computational domain by excising a coordinate sphere and by imposing equilibrium BH boundary conditions \[[@CR47]\] (see also \[[@CR10], [@CR81]\] for a related isolated-horizon formalism). In the other approach, a BH is handled as a puncture \[[@CR32]\]. In this approach, the metric quantities are decomposed into a singular part, which is written analytically and denotes contributions from a BH and a regular part, which is obtained by numerically solving the corresponding basic equations.

These two methods are separately explained below because they give different formulas. We refer to \[[@CR208], [@CR209], [@CR210]\] for the excision approach and to \[[@CR202], [@CR203], [@CR106]\] for the puncture one. For a more detailed discussion of the decomposition of Einstein's equation and the formalism, we refer to \[[@CR29], [@CR231], [@CR44]\], and for the hydrostatics \[[@CR80], [@CR214], [@CR219]\].

### Formulation in the excision approach {#Sec2.1.1}

In the excision approach, Einstein's equations in the conformal thin-sandwich formalism are solved for constructing quasi-equilibrium configurations \[[@CR231]\]. The line element in the 3+1 form is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$\beta _{{\rm{com}}}^i$\end{document}$ is the shift vector seen by a comoving observer. We note that the coordinates in the comoving observer frame are usually chosen for convenience in this field (e.g., \[[@CR80], [@CR78]\]).

The spatial metric *γ*~*ij*~ is further decomposed into a conformal factor *ψ* and a background spatial metric $\documentclass[12pt]{minimal}
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Equations [(25)](#Equ25){ref-type=""}, [(26)](#Equ26){ref-type=""}, and [(27)](#Equ27){ref-type=""} yield $$\documentclass[12pt]{minimal}
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  {\tilde \Delta \beta _{{\text{com}}}^i + \frac{1}{3}{{\tilde \gamma }^{ik}}{{\tilde D}_k}({{\tilde D}_j}\beta _{{\text{com}}}^j) =  - \frac{\alpha }{{{\psi ^6}}}{{\tilde D}_j}\left( {\frac{{{\psi ^6}}}{\alpha }{\partial _t}{{\tilde \gamma }^{ij}}} \right) + 16\pi \alpha {\psi ^4}{j^i} + \frac{4}{3}\alpha {{\tilde D}^i}K\;\;\;} \\ 
  {\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\; - \left( {{{\tilde D}^i}\beta _{{\text{com}}}^j + {{\tilde D}^j}\beta _{{\text{com}}}^i - \frac{2}{3}{{\tilde \gamma }^{ij}}{{\tilde D}_k}\beta _{{\text{com}}}^k} \right)\frac{\alpha }{{{\psi ^6}}}{{\tilde D}_j}\left( {\frac{{{\psi ^6}}}{\alpha }} \right).} 
\end{array}$$\end{document}$$ In addition to the Hamiltonian and momentum constraints, the trace of the evolution equation of the extrinsic curvature is often employed as one of the field equations: $$\documentclass[12pt]{minimal}
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                \begin{document}$${\partial _t}K - {{\mathcal L}_\beta}K = - {\psi ^{- 4}}({\tilde D^2}\alpha + 2{\tilde D_i}\ln \psi {\tilde D^i}\alpha) + \alpha \left[ {4\pi ({\rho _{\rm{H}}} + S) + {\psi ^{- 12}}{{\hat A}_{ij}}{{\hat A}^{ij}} + {{{K^2}} \over 3}} \right].$$\end{document}$$ for a given condition for *K* and *∂*~*t*~*K*, this equation reduces to an elliptic-type equation for *α*, which possesses primary information of gravitational potential for an equilibrium or quasi-equilibrium configuration.

The matter terms in the right-hand side of Equations [(28)](#Equ28){ref-type=""}, [(30)](#Equ30){ref-type=""}, and [(31)](#Equ31){ref-type=""} are derived from the projections of the stress-energy tensor *T*~*μν*~ into the spatial hypersurface Σ~*t*~, defined by $$\documentclass[12pt]{minimal}
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The set of Equations [(28)](#Equ28){ref-type=""}--[(31)](#Equ31){ref-type=""} has four functions that can be chosen freely; $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$, and *K*. For computing quasi-equilibrium states, one usually assumes the presence of a helical Killing vector, *ξ*^*μ*^, and the absence of gravitational waves in the wave zone. Under these assumptions, it is natural to choose the time direction so as to satisfy *ξ*^*μ*^ = (*∂/∂t*)^*μ*^ (in the comoving frame), and to set $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$, two ways have been proposed. The first one is to choose a maximal slicing *K* = 0 and to adopt a flat metric $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}} = {f_{ij}}$\end{document}$, for simplicity. The other choice is to use the Kerr-Schild metric for $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$ and *K* in the vicinity of the BH or in the whole computational space. One of the advantages of choosing maximal slicing and the flat metric background is that the source term becomes simple and falls off rapidly for *r* → ∞ enough to obtain accurate results. The disadvantage is that it is not possible to construct the Kerr BH even with a distant orbit, and moreover, the set of Equations [(28)](#Equ28){ref-type=""}--[(31)](#Equ31){ref-type=""} may have non-unique solutions \[[@CR159], [@CR17], [@CR224]\]. In particular, the spin of a BH has two values for the same spin parameter Ω~*r*~ (see Equation [(49)](#Equ49){ref-type=""} for the definition) \[[@CR132]\]. The lower branch of the spin as a function of Ω~*r*~, which should be physically reasonable because it approaches to the Schwarzschild BH as Ω~*r*~ → 0, can reach only *a* ≈ 0.85, much less than the maximum spin of a Kerr BH. The advantage of using the Kerr-Schild metric for $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$ and *K* is that one can calculate a spinning BH with nearly maximum spin, *a* ≃ 1. The disadvantage is that the source term becomes complicated and falls off slowly for *r* → ∞. Because of this situation, it is not easy to derive the results as accurately as those with the conformal three metric, if one adopts this background metric in the whole computational space \[[@CR208]\]. To recover the accuracy, a modification of the Kerr-Schild metric seems to be necessary; the metric is chosen to be nearly the Kerr-Schild one in the vicinity of the BH, whereas away from the BH, the metric should approach exponentially a conformally-flat metric and a maximal slicing \[[@CR75], [@CR132]\].

In the following, we restrict ourselves to the case of maximal slicing and flat spatial background metric for simplicity. Then, Equations [(28)](#Equ28){ref-type=""}, [(30)](#Equ30){ref-type=""}, and [(31)](#Equ31){ref-type=""} can be written as $$\documentclass[12pt]{minimal}
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                \begin{document}$\underline \Delta$\end{document}$ and *∂*~*i*~ denote the flat Laplace operator and the partial derivative, and Φ ≡ *αψ*. Note here that the shift vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta _{{\rm{com}}}^i$\end{document}$ was replaced by *β*^*i*^ in Equation [(41)](#Equ41){ref-type=""}, because the rotating shift $\documentclass[12pt]{minimal}
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                \begin{document}$\beta _{{\rm{rot}}}^i$\end{document}$ does not contribute to the equation in the conformally-flat case. Equation [(29)](#Equ29){ref-type=""} becomes $$\documentclass[12pt]{minimal}
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                \begin{document}$\beta _{{\rm{com}}}^i$\end{document}$ by *β*^*i*^ for the same reason as above.

To solve the gravitational field equations [(40)](#Equ40){ref-type=""}, [(41)](#Equ41){ref-type=""}, and [(42)](#Equ42){ref-type=""}, it is necessary to impose appropriate boundary conditions on two different boundaries in the excision approach: outer boundaries at spatial infinity and inner boundaries on the BH horizons. Assuming asymptotic flatness, the boundary conditions at spatial infinity are written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi \vert_{r \rightarrow \infty} = 1.$$\end{document}$$ Inner boundary conditions arise from the excision of the BH interior. The assumption that the BH is in equilibrium leads to a set of boundary conditions for the conformal factor and the shift vector \[[@CR47]\] (see also \[[@CR40], [@CR45]\] as well as the related isolated horizon formalism, e.g., \[[@CR10], [@CR81]\]). The boundary condition for the conformal factor is $$\documentclass[12pt]{minimal}
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                \begin{document}${{\mathcal S}^i} \equiv {\psi ^{- 2}}{{\tilde {\mathcal S}}^i}$\end{document}$ is the outward pointing unit vector normal to the excision surface and *h*~*ij*~ is the induced metric on the excision surface, $\documentclass[12pt]{minimal}
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                \begin{document}${h_{ij}} \equiv {\psi ^4}{{\tilde h}_{ij}} = {\gamma _{ij}} - {{\mathcal S}_i}{{\mathcal S}_j}$\end{document}$. The quantity *L* is computed from the projection of the extrinsic curvature *K*~*ij*~ as *L* ≡ *h*^*ij*^ *K*~*ij*~. The boundary condition on the normal component of the shift vector is $$\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde h}_{ij}}$\end{document}$. Because we choose a conformally-flat spatial background, Equation [(49)](#Equ49){ref-type=""} can be rewritten as $$\documentclass[12pt]{minimal}
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                \begin{document}$\Omega _\tau ^j$\end{document}$ is a freely specifiable vector, related to the BH spin, and *x*^*k*^ is a Cartesian coordinate centered on the 2-sphere. The quasi-local spin angular momentum associated with an approximate Killing vector of *h*~*ij*~ is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$${S_{(\xi)}} = {1 \over {8\pi}}\oint\nolimits_{\mathcal{S}} {({K_{ij}} - {\gamma _{ij}}K){\xi ^j}{d^2}{S^i},}$$\end{document}$$ where *ξ*^*i*^ is the approximate Killing vector that is found by solving the Killing transport equations as described in \[[@CR55], [@CR40]\] (\[[@CR55]\] described the original formulation and \[[@CR40]\] reported a numerical result for BH-BH binaries based on the formulation of \[[@CR55], [@CR47]\]), or by a new alternative method for finding approximate Killing vectors of closed 2-spheres \[[@CR48], [@CR132]\]. $\documentclass[12pt]{minimal}
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                \begin{document}$\Omega _\tau ^j$\end{document}$ is iteratively determined until the quasi-local spin angular momentum of BH relaxes to a required value \[[@CR40]\].

According to \[[@CR47]\], the boundary condition on the lapse function can be chosen freely. For example, we can choose a Neumann boundary condition $$\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde s^i}{\partial _i}\Phi {\vert _\mathcal{S}} = 0$$\end{document}$$ on the excision surface.

### Formulation in the puncture approach {#Sec2.1.2}

A "puncture" method \[[@CR32]\] was proposed by Brandt and Brügmann to describe multiple BH with arbitrary linear momenta and spin angular momenta, extending the original work by Brill and Lindquist \[[@CR33]\]. A "moving-puncture approach" \[[@CR39], [@CR15]\] was revealed to be quite useful in dynamic simulations. Here, we describe the puncture approach for quasi-equilibrium in the context of BH-NS binaries, which was originally developed by Shibata and Uryū \[[@CR202], [@CR203]\] and subsequently modified by Kyutoku et al. \[[@CR106]\]. The puncture approach employs a mixture of the conformal thin-sandwich decomposition and the conformal transverse-traceless decomposition of Einstein's equations. The trace part of the extrinsic curvature is set to zero (maximal slicing) and the three metric is assumed to be conformally flat in the work so far.

The basic equations for the gravitational field are Equations. [(40)](#Equ40){ref-type=""}, [(41)](#Equ41){ref-type=""}, and [(42)](#Equ42){ref-type=""} as in the excision approach. In the puncture approach, the metric quantities, which appear in Equations [(40)](#Equ40){ref-type=""} and [(42)](#Equ42){ref-type=""}, *ψ* and Φ, are decomposed into an analytic singular part and a regular part. The former part denotes the contribution from a BH and the latter one is obtained by numerically solving the basic equations. Assuming that the puncture is located at $\documentclass[12pt]{minimal}
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                \begin{document}${r_{\rm{P}}} = x_{\rm{P}}^k$\end{document}$, *ψ* and Φ are given by $$\documentclass[12pt]{minimal}
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                \begin{document}$$\psi = 1 + {{{M_P}} \over {2{r_{{\rm{BH}}}}}} + \phi ,$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi = 1 - {{{M_\Phi}} \over {{r_{{\rm{BH}}}}}} + \eta ,$$\end{document}$$ where *M*~P~ and *M*~Φ~ are positive constants of mass dimension, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${r_{{\rm{BH}}}} = \vert {x^k} - x_{\rm{P}}^k\vert$\end{document}$ is a coordinate distance from the puncture. *ϕ* and *η* denote the regular parts of *ψ* and Φ, respectively, and are determined by solving elliptic equations (see Equations [(59)](#Equ59){ref-type=""} and [(61)](#Equ61){ref-type=""} shown below). The quantity *M*~P~ is an arbitrarily-chosen parameter called the puncture mass, while *M*~Φ~ is determined by the condition that the ADM mass (*M*~ADM~) and the Komar mass agree, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\oint\nolimits_{r\rightarrow \infty} {{\partial _i}\Phi d{S^i} = -} \oint\nolimits_{r\rightarrow \infty} {{\partial _i}\psi d{S^i} =}2\pi {M_{ADM}}.$$\end{document}$$ Also, *Â*~*ij*~ is decomposed into singular and regular parts as $$\documentclass[12pt]{minimal}
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                \begin{document}$${\hat A_{ij}} = {\tilde D_i}{W_j} + {\tilde D_j}{W_i} - {2 \over 3}{f_{ij}}{\tilde D_k}{W^k} + K_{ij}^{\rm{P}}.$$\end{document}$$ Here $\documentclass[12pt]{minimal}
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                \begin{document}$K_{ij}^{\rm{P}}$\end{document}$ is the singular part, which denotes a weighted extrinsic curvature associated with the linear momentum, $\documentclass[12pt]{minimal}
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                \begin{document}$P_j^{{\rm{BH}}}$\end{document}$, and spin, $\documentclass[12pt]{minimal}
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                \begin{document}$S_j^{{\rm{BH}}}$\end{document}$, of the BH written by $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{*{20}c} {K_{ij}^P = {3 \over {2r_{{\rm{BH}}}^2}}[{l_i}P_j^{{\rm{BH}}} + {l_j}P_i^{{\rm{BH}}} - ({f_{ij}} - {l_i}{l_j}){l^k}P_k^{{\rm{BH}}}]} \\ {+ {3 \over {r_{{\rm{BH}}}^3}}[{l_i}{\epsilon_{jkn}} + {l_j}{\epsilon_{ikn}}]{S^{k{\rm{BH}}}}{l^n}.} \\ \end{array}$$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${l^k} = x_{\rm{P}}^k/{r_{{\rm{BH}}}}$\end{document}$ and *ϵ*~*ijk*~ is the completely anti-symmetric tensor on Σ~*t*~.

*W*~*i*~ denotes an auxiliary three-dimensional function and *W*^*i*^ = *f*^*ij*^*W*~*j*~. The equation for *W*~*i*~ is derived by substituting Equation [(56)](#Equ56){ref-type=""} into the momentum constraint equation. Because the total linear momentum of the binary system should vanish^1^, the linear momentum of the BH, $\documentclass[12pt]{minimal}
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                \begin{document}$P_i^{{\rm{BH}}}$\end{document}$, is related to that of the companion NS as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_i^{{\rm{BH}}} = - \int {{j_i}{\psi ^6}dV,}$$\end{document}$$ where the right-hand side denotes the (minus) linear momentum of the NS.

The field equations to be solved are summarized as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\underline \Delta \phi = - 2\pi {\psi ^5}{\rho _{\rm{H}}} - {1 \over 8}{\psi ^{- 7}}{\hat A_{ij}}{\hat A^{ij}},$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\underline \Delta {\beta ^i} + {1 \over 3}{\partial ^i}({\partial _j}{\beta ^j}) = 16\pi \Phi {\psi ^3}{j^i} + 2{\hat A^{ij}}{\partial _j}(\Phi {\psi ^{- 7}}),$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\underline \Delta \eta = 2\pi \Phi {\psi ^4}({\rho _{\rm{H}}} + 2S) + {7 \over 8}\Phi {\psi ^{- 8}}{\hat A_{ij}}{\hat A^{ij}},$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\underline \Delta {W_i} + {1 \over 3}{\partial _i}({\partial _j}{W^j}) = 8\pi {\psi ^6}{j_{i}}.$$\end{document}$$ We note that in the puncture approach *Â*~*ij*~ is determined by solving Equation [(56)](#Equ56){ref-type=""}, not Equation [(43)](#Equ43){ref-type=""}, because *Â*~*ij*~ is not straightforwardly defined for the location with *α* = 0 when adopting Equation [(43)](#Equ43){ref-type=""}. In this approach, the elliptic equation for *β*^*i*^ still has to be solved because *β*^*i*^ is needed in solving hydrostatic equations.

Equations [(59)](#Equ59){ref-type=""}--[(62)](#Equ62){ref-type=""} are elliptic in type, and hence, appropriate boundary conditions have to be imposed at spatial infinity. Because of the asymptotic flatness, the boundary conditions at spatial infinity are written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\phi {\vert _{r \rightarrow \infty}} = {\beta ^i}{\vert _{r \rightarrow \infty}} = \eta {\vert _{r \rightarrow \infty}} = {W^i}{\vert _{r \rightarrow \infty}} = 0.$$\end{document}$$ Here it is assumed that the equations are solved in the inertial frame.

In contrast to the case in which the excision approach is adopted, the inner boundary conditions do not have to be imposed in the puncture approach. This could be a drawback in this approach, because one cannot impose physical boundary conditions (e.g., Killing horizon boundary conditions) for the BH. However, this could also be an advantage, because we do not have to impose a special condition for the geometric variables, and as a result, flexibility for adjusting a quasi-equilibrium state to a desired state is preserved.

### Hydrostatic equations {#Sec2.1.3}

The hydrostatic equations governing quasi-equilibrium states are the Euler and continuity equations. The matter in the NS interior needs to satisfy those equations. There are several versions for deriving the hydrostatic equations \[[@CR26], [@CR9], [@CR192], [@CR215], [@CR80], [@CR204]\]. In this section, we review the version in \[[@CR204], [@CR219]\].

The equation of motion is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\nu}T_\mu ^\nu = 0.$$\end{document}$$ Assuming a perfect fluid, Equation [(36)](#Equ36){ref-type=""}, the term in the left-hand side of the equation of motion is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{*{20}c} {{\nabla _\nu}T_\mu ^\nu = \rho {u^\nu}{\nabla _\nu}(h{u_\mu}) + h{u_\mu}{\nabla _\nu}(\rho {u^\nu}) + {\nabla _\mu}P,} \\ {= \rho [{u^\nu}{\nabla _\nu}(h{u_\mu}) + {\nabla _\mu}h] + h{u_\mu}{\nabla _\nu}(\rho {u^\nu}) + \rho T{\nabla _\mu}s,} \\ \end{array}$$\end{document}$$ where *T* is the temperature, and *s* is the entropy per baryon mass. To derive the second line of Equation [(65)](#Equ65){ref-type=""}, we use an equation of local thermodynamic equilibrium, $$\documentclass[12pt]{minimal}
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                \begin{document}$$dh = Tds + {1 \over \rho}dP.$$\end{document}$$ Assuming that the entropy per baryon is constant everywhere inside the NS and using Equation [(65)](#Equ65){ref-type=""}, Equation. [(64)](#Equ64){ref-type=""} yields $$\documentclass[12pt]{minimal}
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                \begin{document}$${u^\nu}{\nabla _\nu}(h{u_\mu}) + {\nabla _\mu}h = 0,$$\end{document}$$ where we use the equation of rest-mass conservation, $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\nu}(\rho {u^\nu}) = 0.$$\end{document}$$

Equation [(67)](#Equ67){ref-type=""} can be further modified. Defining a spatial velocity *υ*^*μ*^ in the comoving frame, the 4-velocity is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${u^\mu} = {u^t}({\xi ^\mu} + {v^\mu}),$$\end{document}$$ where *ξ*^*μ*^ is a helical Killing vector, and we have a relation, *υ*^*μ*^*n*~*μ*~ = 0. *u*^*t*^ denotes the time component of *u*^*μ*^ and is calculated through the normalization condition of *u*^*μ*^, *u*^*μ*^*u*~*μ*~ = −1. Substituting Equation [(69)](#Equ69){ref-type=""} into Equation [(67)](#Equ67){ref-type=""} and using the relation, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal{L}_\xi}(h{u_\mu}) = 0,$$\end{document}$$ we obtain $$\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal L}_v}(h{u_\mu}) + {\nabla _\mu}\left({{h \over {{u^t}}}} \right) = 0.$$\end{document}$$ if the fluid motion in a NS is synchronized with the orbital motion, i.e., the corotating case, we have *υ*^*μ*^ = 0. Thus, Equation [(71)](#Equ71){ref-type=""} can be integrated once to yield $$\documentclass[12pt]{minimal}
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                \begin{document}$${h \over {{u^t}}} = \mathrm{constant}.$$\end{document}$$ If the fluid motion in a NS is irrotational, we need to consider the vorticity of the fluid. The relativistic vorticity tensor is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$${\omega _{\mu \nu}} \equiv {\nabla _\mu}(h{u_\nu}) - {\nabla _\nu}(h{u_\mu}).$$\end{document}$$ for the irrotational flow, *ω*~*μν*~ = 0, there exists a scalar potential Ψ by which the term *hu*~*μ*~ is expressed as $$\documentclass[12pt]{minimal}
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                \begin{document}$$h{u_\mu} = {\nabla _\mu}\psi .$$\end{document}$$ Inserting Equation [(74)](#Equ74){ref-type=""} into Equation [(71)](#Equ71){ref-type=""}, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\mu}\left({{{\mathcal L}_v}\Psi + {h \over {{u^t}}}} \right) = 0,$$\end{document}$$ and thus, $$\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal L}_v}\Psi + {h \over {{u^t}}} = {C_{\rm{E}}} = \mathrm{constant},$$\end{document}$$ or, in another form, $$\documentclass[12pt]{minimal}
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                \begin{document}$${u^\mu}{\nabla _\mu}\Psi + {h \over {{u^t}}} = {C_{\rm{E}}}.$$\end{document}$$

It is interesting to note that if we use the Cartan identity, $$\documentclass[12pt]{minimal}
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                \begin{document}$${\xi ^\mu}{\omega _{\mu \nu}} = {{\mathcal L}_\xi}(h{u_\nu}) - {\nabla _\nu}(h{u_\mu}{\xi ^\mu}),$$\end{document}$$ another form of the integrated Euler equation, e.g., Equation [(33)](#Equ33){ref-type=""} in \[[@CR80]\], is obtained. Because of the helical symmetry $\documentclass[12pt]{minimal}
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                \begin{document}${{\mathcal L}_\xi}(h{u_\nu}) = 0$\end{document}$ and the irrotational flow *ω*~*μν*~ = 0, the Cartan identity yields $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\nu}(h{u_\mu}{\xi ^\mu}) = 0,$$\end{document}$$ and thus, $$\documentclass[12pt]{minimal}
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                \begin{document}$$h{u_\mu}{\xi ^\mu} = - {C_{\rm{E}}}.$$\end{document}$$ This equation is equivalent to Equation [(77)](#Equ77){ref-type=""}.

The next task is to derive an equation for the velocity potential **Ψ**. The term in the left-hand side of the equation of continuity [(68)](#Equ68){ref-type=""} is rewritten as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{*{20}{c}}
  {{\nabla _\nu }(\rho {u^\nu }) = \frac{1}{{\sqrt { - g} }}{\mathcal{L}_u}(\rho \sqrt { - g} ),} \\ 
    = \frac{1}{{\alpha \sqrt \gamma  }}{\mathcal{L}_v}(\rho {u^t}\alpha \sqrt \gamma  ), \\ 
   = \frac{1}{\alpha }{D_i}(\rho \alpha {u^t}{v^i}).
\end{array},$$\end{document}$$ Using Equations [(69)](#Equ69){ref-type=""}, [(74)](#Equ74){ref-type=""}, and the expression for the helical Killing vector, $$\documentclass[12pt]{minimal}
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                \begin{document}$${\xi ^\mu} = \alpha {n^\mu} + \beta _{{\rm{com}}}^\mu ,$$\end{document}$$ the equation of continuity [(68)](#Equ68){ref-type=""} is rewritten as $$\documentclass[12pt]{minimal}
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                \begin{document}$${D^i}{D_i}\Psi + ({D^i}\Psi - h{u^t}\beta _{{\rm{com}}}^i){D_i}\ln \left({{{\rho \alpha} \over h}} \right) - {D_i}(h{u^t}\beta _{{\rm{com}}}^i) = 0,$$\end{document}$$ where Equation [(81)](#Equ81){ref-type=""} is used.

Finally, we comment on the prescription for determining the constant in the right-hand side of Equation [(77)](#Equ77){ref-type=""}. For this task, the central value of the quantities in the left-hand side is usually used. Here the center of the NS is defined as the location of the maximum baryon rest-mass density. Equation [(77)](#Equ77){ref-type=""} includes one more constant, which should be determined for each quasi-equilibrium figure; the orbital angular velocity as found from Equations [(24)](#Equ24){ref-type=""}, [(69)](#Equ69){ref-type=""}, [(74)](#Equ74){ref-type=""}, and [(82)](#Equ82){ref-type=""}. The method for calculating it will be explained in the next Section [2.1.4](#Sec2.1.4){ref-type="sec"}.

### Orbital angular velocity {#Sec2.1.4}

The first integral of the Euler equation [(77)](#Equ77){ref-type=""} includes information of the orbital angular velocity, Ω, through Equations. [(24)](#Equ24){ref-type=""}, [(69)](#Equ69){ref-type=""}, [(74)](#Equ74){ref-type=""}, and [(82)](#Equ82){ref-type=""}. Ω should be determined from the condition that a binary system is in a quasi-equilibrium circular orbit. In the following, we describe two typical methods referring to the rotation axis of the binary system as the *Z*-axis and to the axis connecting the BH's and NS's centers as the *X*-axis.

In one of two typical methods, a force balance along the *X*-axis is required. The force balance equation is derived from the condition that the central value of the enthalpy gradient for the NS is zero, $$\documentclass[12pt]{minimal}
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                \begin{document}$${\left. {{{\partial \ln h} \over {\partial X}}} \right\vert _{{\mathcal{O}_{{\rm{NS}}}}}} = 0,,$$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}${{\mathcal O}_{{\rm{NS}}}}$\end{document}$ denotes the NS's center at which the pressure gradient and self-gravitational force of the NS are absent. Thus, Equation [(84)](#Equ84){ref-type=""} may be regarded as the condition that the gravitational force from the BH at the NS's center is equal to the centrifugal force associated with the orbital motion, and hence, can be used to determine Ω for a given set of gravitational field variables.

In the other method, Ω is determined by requiring the enthalpy at two points on the NS's surface along the *X*-axis to be equal to *h* = 1 on the surface. At these two points, the pressure is absent. Namely, the sum of the gravitational force from the BH, self-gravitational force from the NS, and the centrifugal force associated with the orbital motion is balanced. These two conditions may be regarded as the conditions that determine *C*~E~ and Ω, and thus, Ω can be determined for a given set of gravitational field variables. The work by Taniguchi et al. \[[@CR208], [@CR209], [@CR210], [@CR214]\] confirmed that in both methods, an accurate numerical result can be computed with a reasonable number of iterations, and that the results by these two methods coincide within the convergence level of the enthalpy. Therefore, both methods work well.

### Center of mass of a binary system {#Sec2.1.5}

Equation [(84)](#Equ84){ref-type=""} also depends on the location of the center of mass, because the rotating shift $\documentclass[12pt]{minimal}
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                \begin{document}$\beta _{{\rm{rot}}}^i$\end{document}$ includes ***R***, which is the radial coordinate measured from the center of mass of the binary system. To determine the location of the center of mass of a binary system, in the framework of the excision approach, Taniguchi et al. \[[@CR208], [@CR209], [@CR210], [@CR214]\] and Grandclément \[[@CR82], [@CR83]\] require that the linear momentum of the system vanishes $$\documentclass[12pt]{minimal}
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                \begin{document}$${P^i} = {1 \over {8\pi}}\oint\nolimits_{r \rightarrow \infty}{K^{ij}}d{S_j} = 0,$$\end{document}$$ where the maximal slicing condition, *K* = 0, is assumed. The essence of this condition is as follows: for a hypothetical orbital angular velocity, Ω, the total linear momentum of the system depends on the location of the center of mass, and hence, its location is determined by Condition [(85)](#Equ85){ref-type=""}. Once the location of the center of mass is determined in an iteration step, the positions of the BH and NS are moved, keeping the separation, in order for the center of mass of the binary system to locate on the *Z*-axis.

In the puncture approach, the situation is totally different from the above, because Condition [(85)](#Equ85){ref-type=""} has already been used to calculate the linear momentum of the BH; see Equation [(58)](#Equ58){ref-type=""} in Section [2.1.2](#Sec2.1.2){ref-type="sec"}. In this framework, there is no known natural, physical condition for determining the center of mass of the system. Until now, three methods have been employed to determine the center of mass. In the first method, the dipole part of *ψ* at spatial infinity is required to be zero \[[@CR202], [@CR203]\]. However, it was found that in this condition, the angular momentum derived for a close orbit of Ω*m*~0~ ≥ 0.03 is ∼ 2% smaller than that derived by the 3PN approximation for *Q* = 3. Because the 3PN approximation should be an excellent approximation of general relativity for a fairly distant orbit, as such Ω*m*~0~ ≈ 0.03, the obtained initial data deviates from the true quasi-circular state, and hence, the initial orbit would be eccentric.

In the second method, the azimuthal component of the shift vector *β*^*ϕ*^ at the location of the puncture is required to be equal to −Ω; a corotating gauge condition at the location of the puncture is imposed \[[@CR197]\]. This method gives a slightly better result than that of the first method. However, the angular momentum derived for a close orbit of Ω*m*~0~ ≥ 0.03 is also ∼ 2% smaller than that derived by the 3PN relation for a larger mass ratio *Q* ≥ 2. The disagreement is larger for the larger mass ratio. Such initial conditions are likely to deviate from the true quasi-circular state and hence the orbital eccentricity is large as well.

In the last method, the center of mass is determined in a phenomenological manner: One imposes a condition that the total angular momentum of the binary system for a given value of Ω*m*~0~ agrees with that derived by the 3PN approximation \[[@CR106]\]. This condition can be achieved by appropriately choosing the position of the center of mass. With this method, the drawback in the previous two methods, i.e., the angular momentum becoming smaller than the expected value, is overcome. Recent numerical simulations by the KT group have been performed employing initial conditions obtained by this method, and showed that the binary orbit is not very eccentric with these initial conditions (cf. Section [3.1.1](#Sec3.1.1){ref-type="sec"}).

### Equations of state {#Sec2.1.6}

A wide variety of EOS has been adopted for the study of quasi-equilibrium states of BH-NS binaries, which are employed as initial conditions of numerical simulations (see Section [3](#Sec3){ref-type="sec"}). However, the only EOS used for the study of *quasi-equilibrium sequences* has been the polytrope, $$\documentclass[12pt]{minimal}
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                \begin{document}$$P = \kappa {\rho ^\Gamma}.$$\end{document}$$ where *κ* is a polytropic constant and Γ is the adiabatic index. Hereafter, we review only the numerical results in this EOS.

For the polytropic EOS, we have the following natural units, i.e., polytropic units, to normalize the length, mass, and time scales: $$\documentclass[12pt]{minimal}
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                \begin{document}$${R_{{\rm{poly}}}} = {\kappa ^{1/(2\Gamma - 2)}}.$$\end{document}$$ Because the geometric units with *G* = *c* = 1 are adopted, the polytropic units *R*~poly~ normalize all of the length, mass, and time scales.

Even though the EOS used for constructing sequences is only the polytrope, a lot of quasi-equilibria with several EOS have been derived as initial data for the merger simulations. We will summarize those initial data in Section [3.1.1](#Sec3.1.1){ref-type="sec"}.

### Physical quantities {#Sec2.1.7}

The several key quantities that are necessary in the quantitative analysis of quasi-equilibrium sequences are summarized in this section; the irreducible mass and spin of BH, the baryon rest mass of NS, the ADM mass, the Komar mass, and the total angular momentum of the system. It is reasonable to consider that the irreducible mass and spin of the BH and the baryon rest mass of the NS are conserved during the inspiral of BH-NS binaries. In addition, temperature and entropy of the NS may be assumed to be approximately zero because the thermal effects of not-young NS are negligible to their structure, i.e., it is reasonable to use a fixed cold EOS throughout the sequence. For such a sequence, the ADM mass, the Komar mass, and the total angular momentum of the system vary with the decrease of the orbital separation. These global quantities characterize the quasi-equilibrium sequence.

We classify the study by seven parameters and summarize in Table [1](#Tab1){ref-type="table"}: Table 1Summary for the study of quasi-equilibrium sequences.(1)(2)(3)(4)(5)(6)(7)Taniguchi et al. (2006) \[[@CR208]\]KSIrEx00.0885Taniguchi et al. (2007) \[[@CR209]\]CF, MIrEx00.088, 0.1451, 2, 3, 5, 10Taniguchi et al. (2008) \[[@CR210]\]CF, MIrEx00.109, 0.120, 0.132,1 ∼ 90.145, 0.160, 0.178GrandclémentCF, MIrEx00.075, 0.100, 0.125,5(2006) \[[@CR82]\], (2007) \[[@CR83]\]0.150Shibata & Uryū (2006) \[[@CR202]\]CF, MCoPu00.1392.47Shibata & Uryū (2007) \[[@CR203]\]CF, MCoPu00.139, 0.1482.47, 3.08Kyutoku et al. (2009) \[[@CR106]\]CF, MIrPu00.132, 0.145, 0.1601, 3, 5CF, MIrEx00.1441Foucart et al. (2008) \[[@CR75]\]KSIrEx00.1441KSIrEx−0.50.1441

#### The irreducible mass of the BH {#Sec2.1.7.1}

This is defined by \[[@CR42]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$${M_{{\rm{irr}}}} \equiv \sqrt {{{{A_{{\rm{EH}}}}} \over {16\pi}},}$$\end{document}$$ where *A*~EH~ is the proper area of the BH event horizon. Because it is not possible to numerically calculate *A*~EH~ for a study of quasi-equilibrium configuration, people in the numerical relativity community approximate this area with that of the apparent horizon, *A*~EH~, which is computed from an integral on the apparent horizon *S*, $$\documentclass[12pt]{minimal}
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                \begin{document}$${A_{{\rm{AH}}}} = \int\nolimits_{\mathcal S}{\psi ^4}{d^2}x.$$\end{document}$$ In the presence of a helical Killing vector, it is reasonable to consider that *A*~EH~ agrees with *A*~eh~ (at least approximately).

In the framework of the excision approach, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal S}$\end{document}$ corresponds to the excision surface. On the other hand, it is necessary to determine the apparent horizon in the framework of the puncture approach (although it is not a difficult task).

#### The spin of the BH {#Sec2.1.7.2}

The spin is determined by the quasi-local spin angular momentum of the BH, which is given in Equation [(51)](#Equ51){ref-type=""}, i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$${S_{(\xi)}} = {1 \over {8\pi}}\oint\nolimits_{\mathcal{S}}({K_{ij}} - {\gamma _{ij}}K){\xi ^j}{d^2}{S^i}.$$\end{document}$$

#### The rest mass of the NS {#Sec2.1.7.3}
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                \begin{document}$${M_{\rm{B}}} = \int {\rho {u^t}\sqrt {- g} {d^3}x,}$$\end{document}$$ where *g* is the determinant of *g*~*μν*~. Assuming the absence of mass loss, this should be conserved.

#### The ADM mass of the system {#Sec2.1.7.4}

The ADM mass in isotropic Cartesian coordinates may be computed from $$\documentclass[12pt]{minimal}
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                \begin{document}$${M_{{\rm{ADM}}}} = - {1 \over {2\pi}}\oint\nolimits_{r \rightarrow \infty}{\partial ^i}\psi d{S_i}.$$\end{document}$$

#### The Komar mass of the system {#Sec2.1.7.5}

In the conformal thin-sandwich formalism \[[@CR231]\] employed so far, the Komar mass is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${M_{{\rm{Komar}}}} = - {1 \over {4\pi}}\oint\nolimits_{r \rightarrow \infty} {{\partial ^i}} \alpha d{S_i},$$\end{document}$$ where the shift vector is assumed to fall off sufficiently rapidly.

#### The total angular momentum of the system {#Sec2.1.7.6}

York \[[@CR230]\] defined this quantity by $$\documentclass[12pt]{minimal}
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                \begin{document}$${J_i} = {1 \over {16\pi}}{\epsilon_{ijk}}\oint\nolimits_{r \rightarrow \infty} {({X^j}{K^{kl}} - {X^j}{K^{jl}})d{S_l}} ,$$\end{document}$$ where *X*^*i*^ is a spatial Cartesian coordinate relative to the center of mass of the binary system.

In addition, the definition of the linear momentum (which is usually set to be zero) is the same as Equation [(85)](#Equ85){ref-type=""}, $$\documentclass[12pt]{minimal}
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                \begin{document}$${P^i} = {1 \over {8\pi}}\oint\nolimits_{r \rightarrow \infty} {{K^{ij}}d{S_j}},$$\end{document}$$ where the maximal slicing condition, *K* = 0, is assumed.

Then, the binding energy of the binary system is often defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$${E_{\rm{b}}} = {M_{{\rm{ADM}}}} - {m_0},$$\end{document}$$ where *m*~0~ is the ADM mass of the binary system at infinite orbital separation, *m*~0~ ≡ *M*~BH~ + *M*~NS~ (see Section [1.8](#Sec1.8){ref-type="sec"} for the definition). For a non-spinning BH, *M*~bh~ coincides with the irreducible mass *M*~irr~. For a spinning BH, the relation among *M*~BH~, *M*~irr~, and *a* is given by \[[@CR42]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$${M_{{\rm{BH}}}} = {M_{{\rm{irr}}}}{\left[ {{2 \over {1 + {{(1 + {a^2})}^{1/2}}}}} \right]^{1/2}}.$$\end{document}$$

In order to measure a global error in the numerical results, the virial error is often defined as the fractional difference between the ADM and Komar masses, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta M = \left\vert {{{{M_{{\rm{ADM}}}} - {M_{{\rm{Komar}}}}} \over {{M_{{\rm{ADM}}}}}}} \right\vert .$$\end{document}$$ Here, we note the presence of a theorem, which states that for the helical symmetric spacetime, the ADM mass and Komar mass are equal (e.g., \[[@CR76], [@CR204]\]).

### A mass-shedding indicator {#Sec2.1.8}

To determine the orbit at the onset of mass shedding of a NS, Gourgoulhon et al. \[[@CR80], [@CR211], [@CR212]\] defined a "sensitive mass-shedding indicator" (in the context of NS-NS binaries) as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\chi \equiv {{{{(\partial (\ln \,h)/\partial r)}_{{\rm{eq}}}}} \over {{{(\partial (\ln \,h)/\partial r)}_{{\rm{pole}}}}}}.$$\end{document}$$ Here, the numerator of Equation [(99)](#Equ99){ref-type=""}, (*∂*(ln *h*)/*∂r*)~eq~ is the radial derivative of the enthalpy in the equatorial plane at the surface along the direction toward the companion, and the denominator, (*∂*(ln*h*)/*∂r*)~pole~, is that at the surface of the pole. The radial coordinate *r* is measured from the center of the NS. For a spherical NS at infinite separation, *χ* = 1, while *χ* = 0 indicates the formation of a cusp, and hence, the onset of mass shedding. Taniguchi et al. \[[@CR208], [@CR209], [@CR210]\] analyze this parameter for identifying the mass-shedding limit of BH-NS binaries.

Current parameter space surveyed {#Sec2.2}
--------------------------------

Only a small parameter space has been surveyed for the study of quasi-equilibrium sequences. We classify the study by seven parameters in Table [1](#Tab1){ref-type="table"}: The EOS of the NSThe spatial background metric $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$ and the extrinsic curvature *K*The notation of "CF" means the conformally-flat condition $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}} = {f_{ij}}$\end{document}$, and that of "M" denotes the maximal slicing *K* = 0.The notation of "KS" means the Kerr-Schild metric. In this case, the extrinsic curvature *K* is also set to that derived from the Kerr-Schild metric.The state of the fluid flow in the NSThe notation of "Co" means a corotating NS, and that of "Ir" denotes an irrotational NS.The method to handle the BH, i.e., the excision or the punctureThe notation of "Pu" means the puncture approach, and that of "Ex" denotes the excision approach.The BH spin *a*The compactness of the NS $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal S}$\end{document}$The mass ratio *Q* Because all the papers published so far employed the Γ = 2 polytrope for the EOS, we do not include the EOS in Table [1](#Tab1){ref-type="table"}.

As found in Table [1](#Tab1){ref-type="table"}, the surveyed parameter space is quite narrow, in particular for the EOS of the NS and the BH spin; complete sequences with *a* ≠ 0 have not yet been derived, and moreover, BH-NS binaries in quasi-equilibrium in which the BH spin takes a high value \> 0.9 or the BH spin and orbital angular momentum vector misalign have not been studied yet. These are issues left for the future. For the initial data of the merger simulation, a slightly wider parameter space has been employed. We will summarize this in Section [3.1.1](#Sec3.1.1){ref-type="sec"}.

Numerical results {#Sec2.3}
-----------------

Several works, summarized in Table [1](#Tab1){ref-type="table"}, have been done to calculate quasi-equilibrium sequences. In this section, we focus on the results reported in \[[@CR210]\] because a systematic survey for a wider parameter space was done only there.

Figure [1](#Fig1){ref-type="fig"} displays contours of the conformal factor *ψ* for a BH-NS binary with mass ratio *Q* = 3 and NS compactness $\documentclass[12pt]{minimal}
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                \begin{document}$(J/m_0^2)$\end{document}$. This contour plot shows the configuration at the smallest orbital separation, for which Taniguchi's code can achieve a converged solution. The thick solid circle on the left-hand side denotes the position of the excised surface (the apparent horizon), while that on the right-hand side denotes the position of the NS surface. A saddle point presents between the BH and NS, and for this close orbit, it is located in the vicinity of the NS surface, suggesting that the orbit of the binary is close to the mass-shedding limit. The value of *ψ* on the excised surface is not constant because a Neumann boundary condition [(47)](#Equ47){ref-type=""} is imposed. Figure 1Contours of the conformal factor *ψ* in the equatorial plane for the innermost configuration with *Q* = 3 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ shown in \[[@CR210]\]. The cross "×" indicates the position of the rotation axis.

### Binding energy and total angular momentum {#Sec2.3.1}

Figure [2](#Fig2){ref-type="fig"} shows the binding energy (*E*~b~*/m*~0~) and the total angular momentum ($\documentclass[12pt]{minimal}
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                \begin{document}${{\bar M}_B} = 0.15({\mathcal C} = 0.145)$\end{document}$) as functions of the orbital angular velocity (Ω*m*~0~) for a NS with baryon rest mass $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ and for mass ratio *Q* = 3. All the quantities shown are normalized to be dimensionless. The solid curves with the filled circles denote the numerical results, and the dashed curves, the results in the 3PN approximation \[[@CR25]\]. The numerical sequences terminate at an orbit of cusp formation (i.e., at an orbit of the mass-shedding limit) before the ISCO is encountered, i.e., before a turning point (minimum) of the binding energy appears. Figure 2Binding energy *E*~b~/*m*~0~ (left panel) and total angular momentum $\documentclass[12pt]{minimal}
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                \begin{document}$J/m_0^2$\end{document}$ (right panel) as functions of Ω*m*~0~ for binaries of mass ratio *Q* = 3 and NS mass $\documentclass[12pt]{minimal}
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                \begin{document}${{\bar M}_{\rm{B}}} = {(}0.15{)}({\mathcal C} = {(}0.145{)})$\end{document}$ \[[@CR210]\]. The solid curve with filled circles show numerical results, and the dashed curve denotes the results in the 3PN approximation \[[@CR25]\].

From the qualitative argument described in Section [1.1](#Sec1.1){ref-type="sec"}, the binary separation *d*~ms~ at the onset of mass shedding of a NS can be approximately derived as (see Equation [(5)](#Equ5){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$${{{d_{{\rm{ms}}}}} \over {{M_{{\rm{BH}}}}}} \simeq {1 \over {{Q^{2/3}}\mathcal{C}}}.$$\end{document}$$ If *d*~ms~ is greater by a sufficient amount than the ISCO separation *d*~ISCO~, we may expect the NS to start shedding mass and to be tidally disrupted before being swallowed by the BH. Relation [(100)](#Equ100){ref-type=""} suggests that the mass-shedding separation decreases with increasing mass ratio, *Q*, and compactness of the NS, $\documentclass[12pt]{minimal}
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                \begin{document}$(J/m_0^2)$\end{document}$. It is natural to expect to encounter minima in the binding energy and total angular momentum for binaries with sufficiently large mass ratio and NS compactness. Figure [3](#Fig3){ref-type="fig"} shows the binding energy (*E*~b~/*m*~0~) and the total angular momentum $\documentclass[12pt]{minimal}
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                \begin{document}${{\bar M}_{\rm{B}}} = {(}0.15{)}({\mathcal C} = {(}0.145{)})$\end{document}$ as functions of the orbital angular velocity (Ω*m*~0~) for a NS with baryon rest mass $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.120$\end{document}$ and for *Q* = 5. The NS compactness is the same as, but the mass ratio is larger than, that shown in Figure [2](#Fig2){ref-type="fig"}. In this model, the binary encounters an ISCO before the onset of mass shedding, i.e., we see minima in the binding energy and angular momentum just before the end of the sequence. Figure 3The same as Figure [2](#Fig2){ref-type="fig"} but for the sequence of mass ratio *Q* = 5 \[[@CR210]\].

Figure [3](#Fig3){ref-type="fig"} shows that the turning points in the binding energy and the total angular momentum appear simultaneously to within numerical accuracy. This fact is more clearly seen in Figure [4](#Fig4){ref-type="fig"} in which the binding energy versus total angular momentum for sequences of mass ratio *Q* = 5 but with different NS compactness is plotted. A simultaneous turning point in the binding energy and total angular momentum leads to a cusp in these curves. As suggested by Equation [(100)](#Equ100){ref-type=""}, turning points are not found for small compactness (e.g., the case of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$), since the sequences terminate at mass shedding before encountering an ISCO. However, for larger compactness, these curves indeed form a cusp. Note that 3PN sequences cannot identify mass shedding and therefore always exhibit turning points. Figure 4The binding energy as a function of total angular momentum for binaries of mass ratio *Q* = 5, and different NS compactness \[[@CR210]\]. The solid curve denotes the results in the 3PN approximation \[[@CR25]\].

Endpoint of sequences {#Sec2.4}
---------------------

One of the most important questions in the context of BH-NS binaries is whether the coalescence leads to mass shedding of the NS before reaching an ISCO, or whether the NS is swallowed by the BH before the onset of mass shedding. This question arises from the perspective of gravitational-wave observations and from the relation with SGRB. Gravitational waveforms in the final inspiral phase depend strongly on this issue, and hence, a precise understanding of this is necessary to predict gravitational waveforms theoretically. For launching a SGRB, the formation of an accretion disk surrounding the BH is one of the most promising models, and can occur only if the NS is disrupted prior to reaching an ISCO.

Exploring this issue quantitatively requires dynamic simulations, and the results of such simulations are reviewed in Section [3](#Sec3){ref-type="sec"}. However, the study of quasi-equilibrium sequences can also provide a guide to where separation mass shedding or dynamic merger occurs. In the following, we summarize the quantitative insights obtained from the study of quasi-equilibrium sequences. Specifically, we will review qualitative expressions that may be used to predict whether a BH-NS binary of arbitrary mass ratio and NS compactness encounters an ISCO before shedding mass or not.

### Mass-shedding limit {#Sec2.4.1}

First, we summarize the results for the binary separation and the orbital angular velocity at which mass shedding from the NS surface occurs. In Newtonian gravity and semi-relativistic approaches, simple equations may be introduced to fit the effective radius of a Roche lobe \[[@CR225], [@CR94], [@CR151], [@CR60]\]. In \[[@CR202], [@CR203]\] a fitting equation is introduced for binaries composed of a non-spinning BH and a corotating NS in general relativity. In this section, we review how to derive a fitting equation from data in \[[@CR210]\] for a non-spinning BH and an irrotational NS.

To derive a fitting formula, we need to determine the orbital angular velocity at the mass-shedding limit. However, it is not possible to construct cusp-like configurations by the numerical code used in \[[@CR210]\], which is based on a spectral method and accompanied by the Gibbs phenomena. This is also the case for a configuration with smaller values of *χ* ≤ 0.5, even though a cusp-like configuration does not appear (here *χ* is a mass-shedding indicator defined by Equation [(99)](#Equ99){ref-type=""}). Thus, the data points for such close orbits have to be determined by extrapolation. For this purpose, Taniguchi et al. \[[@CR210]\] tabulated *χ* as a function of the orbital angular velocity and extrapolated the sequence to *χ* = 0 by using fitting polynomial functions to find the orbits at the onset of mass shedding. Figure [5](#Fig5){ref-type="fig"} shows an example of such extrapolations for sequences of NS compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ with mass ratios *Q* = 1, 2, 3, and 5 \[[@CR210]\]. From the extrapolated results toward *χ* = 0, the orbital angular velocity at the mass-shedding limit is approximately determined for each set of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ and *Q*. Figure 5Extrapolation of sequences for NS compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ to the mass-shedding limit (*χ* = 0). The thick curves are sequences constructed using numerical data, and the thin curves are extrapolated sequences \[[@CR210]\]. Note that the horizontal axis is the orbital angular velocity in polytropic units, $\documentclass[12pt]{minimal}
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                \begin{document}$\bar \Omega = \Omega {R_{{\rm{poly}}}}$\end{document}$.

To derive a fitting formula for the orbital angular velocities at the mass-shedding limit for all the values of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ and *Q*, the qualitative Newtonian expression of Equation [(7)](#Equ7){ref-type=""} is useful. By fitting sequence data to this expression, Taniguchi et al. \[[@CR210]\] determined the value of *C*~Ω~ for Γ = 2 polytropic EOS as 0.270, i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega _{{\rm{ms}}}}{m_0} = 0.270\mathcal{C}^{3/2}(1+Q){(1 + {Q^{- 1}})^{1/2}},$$\end{document}$$ Figure [6](#Fig6){ref-type="fig"} shows the results of the fitting for the mass-shedding limit. The solid curve denotes Equation [(101)](#Equ101){ref-type=""} and the points are the numerical results. The agreement is not perfect, but fairly good for *Q ≥* 2. Figure 6Fits of the mass-shedding limit by the analytic expression [(101)](#Equ101){ref-type=""} \[[@CR210]\]. The mass-shedding limit for each NS compactness and mass ratio is computed by the extrapolation of the numerical data.

It may be interesting to note that the value of *C*~Ω~ = 0.270 is the same as that found for quasi-equilibrium sequences of NS-NS binaries in general relativity in \[[@CR214]\] and of BH-NS binaries in general relativity where the NS is corotating in \[[@CR202], [@CR203]\]. The value of *C*~Ω~ = 0.270 could be widely used for an estimation of the orbital angular velocity at the mass-shedding limit of NS in a relativistic binary system with Γ = 2.

### Innermost stable circular orbit {#Sec2.4.2}

One of the most important pieces of information for relativistic close binaries is the binary separation (or the orbital angular velocity) at which the minimum of the binding energy appears, corresponding to the ISCO. The minimum point is located by fitting three nearby points of the sequence to a second-order polynomial, because the numerical data is discrete and does not necessarily give the exact minimum.

A simple empirical fitting that predicts the angular velocity Ω~ISCO~ at the ISCO for an arbitrary companion orbiting a BH may be derived in the manner of \[[@CR210]\]. In their approach, one searches for an expression with three free parameters that express ΩISCO ^as^ ^a^ function of the mass ratio *Q* and the compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.5$\end{document}$ of the companion. Then the three parameters are determined by matching to three known values of Ω~ISCO~, namely, [(1)](#Equ1){ref-type=""} that of a test particle orbiting a Schwarzschild BH, Ω~ISCO~*m*~0~ = 6^−3/2^ (for *Q* = ∞), [(2)](#Equ2){ref-type=""} that of an equal-mass BH-BH system as computed in \[[@CR40]\], Ω~ISCO~*m*~0~ = 0.1227 (for *Q* = 1 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.1452$\end{document}$), and finally [(3)](#Equ3){ref-type=""} that of a BH-NS configuration as computed in \[[@CR210]\], Ω~ISCO~*m*~0~ = 0.0854 (for *Q* = 5 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$). A further requirement arises from the fact that for a test particle (with *Q* = ∞), the expression should be independent of the companion's compactness. A good fit to the numerical data is found in \[[@CR210]\] with the expression $$\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega _{{\rm{ISCO}}}}{m_0} = 0.0680\left[ {1 - {{0.444} \over {{Q^{0.25}}}}\left({1 - 3.54{\mathcal{C}^{1/3}}} \right)} \right],$$\end{document}$$ as demonstrated in Figure [7](#Fig7){ref-type="fig"}. The exponents of *Q* and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ in Equation [(103)](#Equ103){ref-type=""} are empirically determined by requiring that the fitted curves lie near the data points for all the models. The agreement is not perfect, but sufficient for finding the orbital angular velocity at the ISCO within ∼ 10% error. Figure 7Fits of the minimum point of the binding energy curve by expression [(103)](#Equ103){ref-type=""} \[[@CR210]\].

### Critical mass ratio {#Sec2.4.3}

Combining Equations [(102)](#Equ102){ref-type=""} and [(103)](#Equ103){ref-type=""}, we can identify the critical binary parameters that separate the final fates. The binary encounters an ISCO before reaching mass shedding or the NS reaches the mass-shedding limit. Figure [8](#Fig8){ref-type="fig"} illustrates the final fate of BH-NS binaries for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\bar \Omega}$\end{document}$. The solid curve denotes the orbital angular velocity at the mass-shedding limit, and the long-dashed one denotes it at the ISCO. As seen from Equations [(102)](#Equ102){ref-type=""} and [(103)](#Equ103){ref-type=""}, both of these curves depend on the mass ratio *Q*, but in different ways, which leads to the intersection of the two curves. An inspiraling binary evolves along horizontal lines towards increasing $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$, starting at the left and moving toward the right, until reaching either the ISCO or the mass-shedding limit. After the binary reaches the ISCO for sufficiently large mass ratio, we cannot predict the fate of the NS, because it is in a dynamic plunge phase (see Section [3](#Sec3){ref-type="sec"}), but nevertheless the mass-shedding limit for unstable quasi-equilibrium sequences is included as the dotted curve in Figure [8](#Fig8){ref-type="fig"}. As shown in Figure [8](#Fig8){ref-type="fig"}, the model with mass ratio *Q* = 6 (dotted-dashed line) encounters the ISCO, while that of *Q* = 3 (dot-dot-dashed line) ends up at the mass-shedding limit. The intersection between the mass-shedding and ISCO curves marks a critical point that separates the two distinct fates of the binary inspiral. Figure 8An example of the boundary between the mass-shedding limit and the ISCO \[[@CR210]\]. The selected model is the case of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$. The solid curve denotes the mass-shedding limit, and the long-dashed one the ISCO for each mass ratio as a function of the orbital angular velocity in polytropic units. The dotted curve denotes the mass-shedding limit for unstable quasi-equilibrium sequences.

When we eliminate Ω*m*~0~ from Equations [(102)](#Equ102){ref-type=""} and [(103)](#Equ103){ref-type=""}, we can draw a curve of the critical mass ratio, which separates BH-NS binaries that encounter an ISCO before reaching mass shedding, and vice versa, as a function of the compactness of the NS. The equation, which gives the critical curve is expressed as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0.270{\mathcal{C}^{3/2}}(1 + Q){(1 + {Q^{- 1}})^{1/2}} = 0.0680\left[ {1 - {{0.444} \over {{Q^{0.25}}}}\left({1 - 3.54{\mathcal{C}^{1/3}}} \right)} \right],$$\end{document}$$ and the curve that separates those two regions is shown in Figure [9](#Fig9){ref-type="fig"}. The solid curve denotes the critical mass ratio for each compactness. If the mass ratio of a BH-NS binary is larger than the critical one, the quasi-equilibrium sequence terminates by encountering the ISCO, while if smaller, it ends at the mass-shedding limit of the NS. Figure 9Critical mass ratio, which separates BH-NS binaries that encounter an ISCO before reaching mass shedding and undergoing tidal disruption, as a function of the compactness of NS. This figure is drawn for the model of Γ = 2 polytropic EOS \[[@CR210]\].

Summary: quasi-equilibrium states {#Sec2.5}
---------------------------------

In this section, we have given an overview of the current status of the study of quasi-equilibrium BH-NS binary sequences in general relativity. Broadly speaking, two formulations have been proposed to construct quasi-equilibrium BH-NS binaries. The difference in these formulations comes primarily from the difference in the method for handling the BH singularity, the excision approach or the puncture approach. In these formulations, only five of ten components of Einstein's equation are solved: constraint equations and the slicing condition. Deriving an improved formulation, in which full components of Einstein's equation are solved, is left for the future (but see \[[@CR204], [@CR46]\] for proposed formulations and \[[@CR218], [@CR219]\] for a study of NS-NS binaries).

For the quasi-equilibrium sequences numerically derived so far, we mainly review those in \[[@CR210]\], because it is the only systematic study. In particular, we highlight a curve of the critical mass ratio, which separates BH-NS binaries that encounter an ISCO before reaching mass shedding, and vice versa, as a function of the compactness of the NS. The result is shown in Equation [(104)](#Equ104){ref-type=""} and in Figure [9](#Fig9){ref-type="fig"}. Such a critical curve clearly classifies the possible final fate of BH-NS binaries, which depends on the ratio and the compactness of the NS for a given EOS of NS and BH spin.

As seen in Table [1](#Tab1){ref-type="table"}, the parameter space surveyed so far is quite narrow. A systematic study of quasi-equilibrium sequences has been done only for binaries composed of a non-spinning BH and an irrotational NS with Γ = 2 polytropic EOS. It is desirable that the remaining parameter space is systematically surveyed near the future. Systematic numerical results for such a study will be quite helpful for predicting the final fate of BH-NS binaries and for checking the results derived in numerical simulations. Specifically, it is necessary to study in detail quasi-equilibrium sequences of binaries composed of a *spinning* BH and a NS with an *EOS other than single polytrope*.

Numerical Simulations {#Sec3}
=====================

By the year 2010, five groups --- AEI, CCCW, KT, LBPLI, and UIUC groups --- have succeeded in fully general-relativistic simulations for BH-NS binaries and provided a variety of the numerical results. The results of these groups agree qualitatively with each other and have clarified the basic picture for the merger and tidal disruption processes, although quantitatively, minor differences (e.g., on the remnant disk mass) have been reported. They have provided the criteria for tidal disruption, the final mass and spin of the BH left after the merger, the remnant disk mass, gravitational waveforms, and gravitational-wave spectrum. In the following sections, we review the methods of numerical relativity employed in these groups, the basic picture of the merger and tidal disruption processes clarified to date, and the resulting gravitational waveforms and spectra, separately.

Numerical method {#Sec3.1}
----------------

### Initial condition {#Sec3.1.1}

As shown in Table [1](#Tab1){ref-type="table"}, the studies of quasi-equilibrium and its sequences for BH-NS binaries have been performed by several groups. In the numerical simulations, quasi-equilibrium is employed as the initial condition (besides a minor modification of the quasi-equilibrium state, reviewed below). The five simulation groups, AEI, CCCW, KT, LBPLI, and UIUC, employ the quasi-equilibrium states derived by different groups as summarized in Table [2](#Tab2){ref-type="table"}. Depending on the implementations on which each group relies, the type of the initial condition is different. Table [3](#Tab3){ref-type="table"} classifies the type of the initial data by the following six parameters: The EOS of the NSThe notation of "Γ = 2" or "Γ = 2.75" means the single polytropic EOS with an adiabatic index of Γ = 2 or Γ = 2.75.The notations of "PwPoly" and "SH" mean the piecewise polytropic EOS and the Shen's EOS, respectively.The spatial background metric $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}} = {f_{ij}}$\end{document}$ and the extrinsic curvature *K*The notation of "CF" means the conformally-flat condition $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$, and that of "M" means the maximal slicing *K* = 0.The notation of "KS" indicates the Kerr-Schild metric. In this case, the extrinsic curvature *K* is also set to that derived from the Kerr-Schild metric.The state of the fluid flow in the NSThe notation of "Co" means a corotating NS, and that of "Ir" an irrotational NS.The method to treat the BH, i.e., the moving puncture or the excisionThe notations of "Pu" and "Ex" mean that the moving-puncture and the excision approaches are used in the numerical simulation, respectively. "ExPu" means that the initial condition is prepared in the excision approach, but the simulation is done in the moving-puncture formulation (see below).Presence or absence of the BH spin *a* and misalignment angle *θ* between the spin axis and orbital angular momentum vector.The mass ratio *Q* Table 2Quasi-equilibrium study groups by which the initial data of each simulation group is supplied.Simulation groupQuasi-equilibrium studyAEIGrandclément \[[@CR82], [@CR83]\]CCCWFoucart et al. \[[@CR75]\]KTShibata & Uryū \[[@CR202], [@CR203]\] and Kyutoku et al. \[[@CR106]\]LBPLIGrandclément \[[@CR82], [@CR83]\]UIUCTaniguchi et al. \[[@CR209], [@CR210]\] Table 3Summary of the initial data used in simulations performed so far. Note that LBPLI's data includes magnetic fields.Group & Ref.(1)(2)(3)(4)(5)(6)KT \[[@CR202]\]Γ = 2CF, MCoPu*a* = 0*Q* ≈ 2.5KT \[[@CR203]\]Γ = 2CF, MCoPu*a* = 0*Q* ≈ 2.5, 3.1KT \[[@CR197]\]Γ = 2CF, MIrPu*a* = 0*Q* ≈ 2.5, 3.1KT \[[@CR228]\]Γ = 2CF, MIrPu*a* = 0*Q* ≈ 3.1KT \[[@CR194]\]Γ = 2CF, MIrPu*a* = 0*Q* = 1.5, 2, 3, 4, 5KT \[[@CR107]\]PwPolyCF, MIrPu*a* = 0*Q* = 2, 3KT \[[@CR109]\]PwPolyCF, MIrPu*a* = 0,−0.5, 0.25, 0.5, 0.75*Q* = 2, 3, 4, 5UIUC \[[@CR62]\]Γ = 2CF, MIrExPu*a* = 0*Q* = 2, 3UIUC \[[@CR63]\]Γ = 2CF, MIrExPu*a* = 0 −0.5, 0.75*Q* = 1, 3, 5CCCW \[[@CR58]\]Γ = 2KSIrEx*a* = 0*Q* = 1CCCW \[[@CR57]\]Γ = 2, 2.75, SHKSIrEx*a* = 0.5*Q* = 3CCCW \[[@CR74]\]Γ = 2KSIrEx*a* = 0, 0.5, 0.9*Q* = 3*θ* = 0, 20, 40, 60, 80°LBPLI \[[@CR41]\]Γ = 2CF, MIrEx*a* = 0.5*Q* = 5AEI \[[@CR154]\]Γ = 2CF, MIrExPu*a* = 0*Q* = 5

When a quasi-equilibrium configuration constructed by the excision approach is used as initial data for a simulation code based on the moving-puncture approach, one more step is needed before starting the simulations because the data inside the BH excision surface does not exist, and thus, one needs to fill the BH interior by extrapolating all field values radially from the excision surface toward the BH center. In the extrapolation procedure, one has to employ a method in which any constraint violation introduced inside the BH is not allowed to affect the exterior spacetime. Two groups proposed such a procedure \[[@CR34], [@CR61]\], and the UIUC group used the method they developed in their simulations \[[@CR61]\].

Strictly speaking, the quasi-equilibrium derived in the framework of Section [2](#Sec2){ref-type="sec"} is not realistic because an approaching radial velocity driven by gravitational radiation reaction is not taken into account. If we adopt such quasi-equilibrium data as the initial condition, the trajectories obtained in the numerical simulation usually result in a slightly eccentric orbit. One prescription to suppress this error is to choose an initial condition in which the binary separation is large enough that the effect of the radial velocity is not serious. Another method to reduce the eccentricity was proposed by the CCCW group \[[@CR157], [@CR75]\] as described in the following.

\(1\) At the beginning of their procedure, they prepare a quasi-equilibrium data, which has zero approaching velocity ***υ***~*r*~ = *ȧ*~0~***r*** = 0 and orbital angular velocity Ω~0~. [(2)](#Equ2){ref-type=""} The second step is to evolve the quasi-equilibrium initial data for at least one and a half orbits. Then one records the time derivative of the measured coordinate separation between the center of the compact objects, *ḋ*(*t*) and fits *ḋ*(*t*) to a function of the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot d = {A_0} + {A_1}t + B\sin (\omega t + \phi),$$\end{document}$$ where the parameters *A*~0~, *A*~1~, *B*, *ω*, and *ϕ* are all determined by the fitting. The *A*~0~ + *A*~1~*t* part denotes the smooth inspiral, while the *B* sin(*ωt* + *ϕ*) part denotes the unwanted oscillations due to the eccentricity of the orbit. For a nearly circular Newtonian orbit, the eccentricity *e* of the orbit can be written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$e - {B \over {\omega {d_0}}},$$\end{document}$$ where *d*~0~ = *d*(*t* = 0). This implies that reducing the orbital eccentricity is equivalent to reducing *B*. [(3)](#Equ3){ref-type=""} The final step is to add the corrections to the approaching velocity *ȧ*~0~ and the orbital angular velocity Ω using the parameters, which appear in Equation [(105)](#Equ105){ref-type=""}. Such corrections should be chosen so that the eccentricity-induced initial radial velocity and radial acceleration can be removed. Namely, the initial radial velocity is changed as $$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta {\Omega _0} = - {{B\omega \cos \phi} \over {2{d_0}{\Omega _0}}}.$$\end{document}$$ Using the corrected approaching radial velocity and the orbital angular velocity for the initial step [(1)](#Equ1){ref-type=""}, they iterated the procedure and obtained a better initial data. They showed that going twice through the iterative method described above, the orbital eccentricity is reduced by about an order of magnitude.

### Evolving metric {#Sec3.1.2}

There are currently two formalisms for evolving the spacetime metric. One is the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formalism \[[@CR140], [@CR195], [@CR18]\] together with the *moving-puncture* gauge condition \[[@CR39], [@CR15], [@CR35], [@CR136]\], and the other is the generalized harmonic (GH) formalism \[[@CR129]\] (see also \[[@CR77], [@CR86], [@CR162], [@CR163]\]). The AEI, KT, and UIUC groups employ the BSSN formalism, while the CCCW and LBPLI \[[@CR6]\] groups use the GH formalism. These two formalisms are different from the standard 3+1 formalism \[[@CR230]\], which was found to be inappropriate in numerical relativity because stable and longterm numerical simulations are not feasible due to the presence of an unphysical growth mode excited even by a tiny numerical truncation error.

The BSSN formalism, the original version of which was first proposed by Nakamura in 1987 \[[@CR140]\], is in a sense a modified version of the 3+1 formalism \[[@CR230]\]. The essence in this formalism is to adopt not only the three metric (*γ*~*ij*~) and the extrinsic curvature (*K*~*ij*~) but also a conformal factor of the three metric (*ψ* or *ϕ* = log(*ψ*) or *W* = *ψ*^−2^ or *χ* = *ψ*^−4^), the trace part of the extrinsic curvature (*K*), and the first spatial derivative of the three metric ($\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \gamma}_{ij}}$\end{document}$ is the conformal three metric) as new independent variables, and then, to appropriately rewrite the basic equations using these new variables. With this prescription, the evolution equations for the conformal three metric, $\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde \Gamma}^i}$\end{document}$, and the conformal traceless extrinsic curvature, *Ã*~*ij*~ ≡ *γ*^−1/3^(*K*~*ij*~ − *K*~*γij*~/3), are written in the form of simple wave equations. This prescription leads to avoiding the spurious growth of unphysical modes by numerical truncation errors and enables one to perform a stable and longterm evolution for a variety of systems. Typical basic equations are described in Appendix [A](#App1){ref-type="app"}.

The basic equations of the GH formalism are similar to those employed in the PN approximation \[[@CR25]\]. Using the harmonic or generalized harmonic gauge condition, $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\mu}{\nabla ^\mu}{x^\nu} = {H^\nu},$$\end{document}$$ where *H*^*ν*^ is the arbitrary function, Einstein's equation is written in a hyperbolic form of the spacetime metric *g*~*μν*~. The main modification, analogous to the introduction of *F*~*i*~ or $\documentclass[12pt]{minimal}
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                \begin{document}${F_i} - {{\tilde \gamma}_{ij,j}} = 0$\end{document}$ in the BSSN formalism, is treating *H*~*ν*~ as independent functions. These may be either the functions themselves or determined by evolution equations. This is essential for the stable and longterm evolution of the system. The other modification is to introduce the first spatial derivative of the metric components as new independent variables *D*~*iμν*~ = *∂*~*igμν*~ to make the GH formulation first-order \[[@CR129]\].

In both formalisms, the number of constraint equations is increased as a result of defining the new variables, in addition to the Hamiltonian and momentum constraints. For the BSSN formalism, $\documentclass[12pt]{minimal}
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                \begin{document}${\kappa _i}\rho _i^{{\Gamma _i}} = {\kappa _i}_{+ 1}\rho _i^{{\Gamma _{i + 1}}}$\end{document}$ are new constraints. For the GH formalism, *D*~*iμν*~ − *∂*~*i*~*g*~*μν*~ = 0 is a new constraint.

### Evolving a black hole {#Sec3.1.3}

For handling a BH, the original BSSN formalism was not satisfactory. Re-defining a spatial con-formal factor \[[@CR39]\], adopting more than fourth-order finite-differencing schemes, and employing an appropriate moving-puncture gauge condition \[[@CR39], [@CR15], [@CR221], [@CR35]\] are required for evolving BHs accurately and stably. In such a BSSN-puncture formulation, we choose a BH spacetime, which is free of the true singularity \[[@CR32]\]. Although a coordinate singularity may appear in the center of the BH, this can be effectively (and, in a sense, fortunately) excised in the moving-puncture gauge condition \[[@CR88]\]. Consequently, one can evolve the whole computational region without artificially excising inside the BH horizon (i.e., without special numerical treatments for the inside of the BH horizon).

On the other hand, in the code of the CCCW and LBPLI groups using GH formalism, the gauge, similar to the moving-puncture gauge, has not yet been developed. These groups employ the *excision* technique, i.e., a region inside the apparent horizon is cut out of the computation domain and replaced with an inner boundary. Pretorius has successfully simulated orbiting BH-BH binaries using the GH formalism with excision for the first time \[[@CR162], [@CR163]\]. Subsequently, the CCCW group has successfully simulated a longterm inspiral and merger of BH-BH binaries using a high-accuracy spectral method \[[@CR181], [@CR206]\], verifying that this technique is also robust for handling BH spacetimes.

### Hydrodynamics {#Sec3.1.4}

For the evolution of orbiting NS and a disk surrounding BHs formed after the merger, hydrodynamics (or magnetohydrodynamics) equations have to be solved. For a hydrodynamic simulation specifically, one has to solve the continuity equation for the rest-mass density *ρ*, the relativistic Euler and energy equations for the four velocity ¾ and internal energy *ε* (or *h*), i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$${T^{\mu \nu}} = \rho h{u^\mu}{u^\nu} + P{g^{\mu \nu}}.$$\end{document}$$ for a magnetohydrodynamics simulation, we have to solve Maxwell's equation as well. In ideal magnetohydrodynamics, only the induction equation for magnetic-field components should be solved \[[@CR73]\].

If one needs to follow the evolution of the lepton number densities, the following additional continuity equations for the leptons (the electron number density and/or the total lepton number density) have to be solved $$\documentclass[12pt]{minimal}
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                \begin{document}$${\nabla _\mu}(\rho {Y_a}{u^\mu}) = \rho {S_a},$$\end{document}$$ where *Y*~*a*~ denotes a lepton number fraction per baryon and *S*~*a*~ is the corresponding production/annihilation rates of the lepton in the baryon rest frame, which is associated with neutrino emission and absorption (e.g., \[[@CR175], [@CR176], [@CR172], [@CR173], [@CR170], [@CR146], [@CR183], [@CR184], [@CR185]\]).

The hydrodynamic equation is schematically written in the form $$\documentclass[12pt]{minimal}
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                \begin{document}$${{\partial U} \over {\partial t}} + {{\partial {F^i}} \over {\partial {x^i}}} + {S_{\rm{U}}} = 0,$$\end{document}$$ where ***U*** represents the set of the evolved variables and ***F***^*i*^ are the associated transport fluxes. The third term of Equation [(115)](#Equ115){ref-type=""} denotes the source term, which is usually the coupling term between the hydrodynamic variables and geometric quantities or the first derivative of the metric. The third term is evaluated in a straightforward manner, which usually does not cause numerical instabilities in a straightforward evaluation (as long as an appropriate time step is chosen). A careful treatment is required in handling the transport term \[[@CR73]\]. The numerical scheme for the transport term employed in all the groups is similar. The CCCW, LBPLI, and UIUC groups employ the scheme of Harten, Lax, and van Leer (HLL) \[[@CR89]\], the AEI group employs several schemes prepared in their Whisky library \[[@CR13], [@CR14], [@CR11], [@CR12]\], and the KT group employs the scheme of Kurganov and Tadmor \[[@CR105]\]. In handling the transport term, one further needs to determine the method of the interpolation by which the values of hydrodynamic quantities at the cell surfaces are specified. All these groups currently employ the third-order piecewise parabolic interpolation.

### Equations of state {#Sec3.1.5}

Employing realistic EOS for modeling NS is a key ingredient in accurately determining the final fate after the onset of the merger and in deriving realistic gravitational waveforms in the merger phase. However, the EOS of the nuclear matter beyond the normal nuclear density is still uncertain due to the lack of strong constraints obtained from experiments and observations (e.g., \[[@CR115], [@CR116], [@CR117]\] and see \[[@CR51]\] for a recent devlopment). Hence, we do not know exactly the detailed physical state of NS such as density and composition profiles as functions of radius for a given mass and the relation between the mass and the radius.

Gravitational waveforms emitted in the tidal-disruption phase as well as properties of the remnant BH-disk system such as the mass and the typical density of the disk depend strongly on the EOS, as shown in the following. The primary reason for this is that these depend strongly on the relation between the mass and the radius of the NS, the sensitivity of a NS to the tidal force by its companion BH depends primarily on its radius, e.g., a NS of larger radii (with a stiffer EOS) will be disrupted at a larger orbital separation (or a lower orbital frequency; see equations in Section [1](#Sec1){ref-type="sec"}); if the tidal disruption of a NS occurs at a larger distance, more material will be widely spread around its companion BH, and consequently, a high-mass remnant disk is likely to be formed; also, the gravitational-wave frequency at tidal disruption, which will be one of the characteristic frequencies, is lower for a NS of larger radius.

In the study of binaries composed of NS, rather than require one to prepare a "realistic" EOS, we should consider exploring the possibility of determining the NS EOS by gravitational-wave observation, as discussed in \[[@CR127], [@CR220], [@CR168], [@CR70]\]. For this purpose, we need to prepare theoretical templates of gravitational waves *employing a wide variety of possible EOS for the NS matter*, and systematically perform a wide variety of simulations employing a large number of plausible EOS. Then, the next task is to determine what kinds of EOS should be employed in their theoretical work.

Thermal energy per baryon inside NS, except for newly-born ones, is believed to be much lower than the Fermi energy of the constituent particles, because a young NS is quickly cooled down by neutrino emission (e.g., \[[@CR116], [@CR99]\]). This implies that we can safely neglect thermal effects on the NS in the inspiral and early merger phases, and can employ a cold EOS, for which the pressure, *P*, the specific internal energy, *ε*, and other thermodynamic quantities are written as functions of the rest-mass density *ρ*. In particular, employing the cold EOS is appropriate for the case in which the merger does not result in the formation of a disk surrounding the remnant BH, i.e., for the case in which the NS is simply swallowed by the companion BH, because a heating process, such as shock heating, never plays a role. By contrast, to follow a longterm evolution of tidally disrupted material, which forms a disk around the remnant BH, the finite-temperature effects of the EOS and the neutrino cooling have to be taken into account. This is because the temperature of the disk material is likely to be increased significantly by shock or a longterm viscous heating, while the density of the disk is lower than that of the NS, and as a result, the Fermi energy is lowered, resulting in a situation where the roles of the pressures by degenerate electrons and thermal gas become less important and increasingly important, respectively.

Because the simulation for BH-NS binaries in general relativity is still in an early phase (by 2010), much work has been done with a rather simple (not very realistic) EOS. The often-used EOS in the early phase of this study within the numerical-relativity community is the Γ-law EOS, $$\documentclass[12pt]{minimal}
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                \begin{document}$$P = (\Gamma - 1)\rho \varepsilon ,$$\end{document}$$ with Γ = 2. In this EOS, the initial condition for the NS is determined by the polytropic EOS, *P* = *κρ*^*Γ*^ (see Section [2](#Sec2){ref-type="sec"}). However, this EOS is known to disagree with typical nuclear-theory-based EOS for a small value of Γ ∼ 2 (e.g., \[[@CR107]\] and Figure [10](#Fig10){ref-type="fig"}). Figure 10The relation between the mass and the circumferential radius of a spherical NS with piecewise polytropic EOS for which parameters are described in Table [4](#Tab4){ref-type="table"}. For comparison, the curve for the Γ = 2 polytropic EOS with *κ/c*^2^ = 2 × 10^−16^ in cgs units is also plotted (dotted curve). The figure is taken from \[[@CR107]\]. Note that if the observational result of \[[@CR51]\] (if the presence of an ≈ 1.97 *M*~⊙~ NS) is confirmed by 100%, some of the soft EOS displayed here will be ruled out.

A better choice is to employ a piecewise polytropic EOS. This is a phenomenologic ally parameterized EOS, which approximately reproduces cold nuclear-theory-based EOS at a high density (above the nuclear density) only with a small number of polytropic constants and indices \[[@CR167], [@CR168], [@CR150]\] (see also \[[@CR87], [@CR128]\]), i.e., $$\documentclass[12pt]{minimal}
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                \begin{document}$$P(\rho) = {\kappa _i}{\rho ^{{\Gamma _i}}}{\rm{for}}{\rho _{i - 1}} \leq \rho < {\rho _i}(1 \leq i \leq n),$$\end{document}$$ where *n* is the number of the pieces used to parameterize an EOS and *ρ*~*i*~ denote boundary densities for which appropriate characteristic values are assigned. Here, *ρ*~0~ = 0 and *ρ*~*n*~ → ∞. *κ*~*i*~ are the polytropic constants and Γ~*i*~ the adiabatic indices for each piece.

At each boundary density, *ρ* = *ρ*~*i*~ (*i* = 1, ⋯, *n* − 1), the pressure is required to be continuous, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = {M_{{\rm{NS}}}}/{R_{{\rm{NS}}}}$\end{document}$. Thus, if one gives *k*~1~, Γ~*i*~, and *ρ*~*i*~ (*i* = 1, ⋯, *n*), the EOS is totally determined. For the zero-temperature EOS, the first law of thermodynamics (*dε* = −*Pd*(1/*ρ*) or *dh* = *dP/ρ*) holds, and thus, *ε* and *h* are also determined except for the choice of the integration constants, which are fixed by the continuity condition of *ε* (hence equivalently *h*) at each *ρ*~*i*~.

Recently, it has been shown that the piecewise polytropic EOS composed of one piece in the crust region and three pieces in the core region approximately reproduces most of nuclear-theory-based EOS at a high density \[[@CR167]\]. Here, three pieces in the core region are required to reproduce a high-mass NS for which inner and outer cores could have different stiffness due to the variation of the properties of the high-density nuclear matter (*ρ* ≳ 2 × 10^14^ g/cm^3^). Thus, if one focuses on a NS of relatively low mass, a smaller number of pieces is acceptable; see \[[@CR168], [@CR107]\] for the two-pieces case. Table [4](#Tab4){ref-type="table"} lists the parameters employed in \[[@CR168], [@CR107]\], and Figure [10](#Fig10){ref-type="fig"} shows the relation between the mass and the radius of a spherical NS for these piecewise polytropic EOS. We note that using a single polytrope for the low-density EOS is justified to the extent that the radius and deformability of the NS as well as resulting gravitational waveforms in the merger phase are insensitive to the low-density EOS. Table 4The parameters and key ingredients for a piecewise polytropic EOS employed in \[[@CR107]\]. Γ~2~ is the adiabatic index in the core region and *p* is the pressure at the fiducial density *ρ*~fidu~ = 10^14.7^ g/cm^3^, which determines the polytropic constant *κ*~2~ of the core region and *ρ*~1~*:* the critical rest-mass density separating the crust and core regions. *M*~max~ is the maximum mass of a spherical NS for a given EOS. *R*~135~ and $\documentclass[12pt]{minimal}
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In the presence of shocks during the merger phase, the assumption of zero-temperature breaks down. Thus, in addition to the piecewise polytropic part, a correction term has to be added. An often-used minimum prescription is to simply add the following term to the pressure \[[@CR199], [@CR168], [@CR107]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$${P_{{\rm{th}}}} = ({\Gamma _{{\rm{th}}}} - 1)\rho {\varepsilon _{{\rm{th}}}},$$\end{document}$$ where Γ~th~ is an adiabatic index for the thermal part, and *ε*~th~ = *ε* − *ε*~cold~ with *ε*~cold~ being determined by the piecewise polytropic EOS. This type of the piecewise polytropic EOS is employed by the KT group for a wide variety of parameters \[[@CR107], [@CR109]\].

To self-consistently take into account thermal effects, which play an important role in the evolution of a disk formed after tidal disruption occurs, the best way is probably to employ a finite-temperature EOS, which is derived by a detailed model based on nuclear physics. This type of EOS is usually described in table form, e.g., as $$\documentclass[12pt]{minimal}
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                \begin{document}$$P - P(\rho ,T,{Y_e}){\rm{and}}\varepsilon =\varepsilon (\rho ,T, Y_{e}),$$\end{document}$$ where *T* and *Y*~*e*~ are the temperature and the electron fraction \[[@CR119], [@CR188], [@CR189]\]. Here, approximately speaking, *ρ* is determined by the continuity equation [(110)](#Equ110){ref-type=""}, and *T* by the internal energy, which is essentially determined by the energy equation [(112)](#Equ112){ref-type=""} in general relativity. *Y*~*e*~ is determined by the continuity equation for the electron fraction [(114)](#Equ114){ref-type=""}. To solve this equation correctly, we have to take into account neutrino emission/absorption, by which the electron fraction is varied. Multidimensional numerical-relativity simulations have reached a level of incorporating the effects of neutrino emission/absorption only quite recently \[[@CR183], [@CR185]\]. Rather, most multidimensional numerical-relativity simulations have been performed without solving neutrino transfer equations and the equation for *Y*~e~ \[[@CR146], [@CR53], [@CR54], [@CR74], [@CR149]\], but an a priori assumption for *Y*~e~ as a function of other variables such as *ρ* and *T* is imposed. Along this line (under the assumption that *Y*~e~ is unchanged in the fluid rest frame or *Y*~e~ is determined by the *β*-equilibrium), the CCCW group performed the first simulation taking into account the finite-temperature effect \[[@CR57]\]. Recently, Sekiguchi has developed a leakage scheme of neutrinos in general relativistic simulation \[[@CR183], [@CR184], [@CR185]\] and solves the equation for *Y*~e~ taking into account neutrino emission for the first time. This technique will be applied to the simulation of BH-NS binaries in the near future.

### Adaptive mesh refinement {#Sec3.1.6}

There are two important length scales in the problem of compact binary coalescence. One is the scale associated with the size of compact objects, which is ∼ *GM*~BH~/*c*^2^ for BH and *R*~NS~ ∼ 5--8*GM*~NS~/*c*^2^ for NS. The other is the wavelength of gravitational waves, λ. For a binary in a circular orbit of angular velocity Ω, the wavelength for the dominant quadrupole mode (*l* = \|*m*\| = 2 mode) is $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda = {{\pi c} \over \Omega} \approx 105{{G{m_0}} \over {{c^2}}}{\left({{{G{c^{- 3}}\Omega {m_0}} \over {0.03}}} \right)^{- 1}},$$\end{document}$$ where *m*~0~ = *M*~BH~ + *M*~NS~. A longterm numerical-relativity simulation is typically performed with initial angular velocity *Gc*^−3^Ω*m*~0~ ≈ 0.02 for NS-NS binaries, and ∼ 0.03 for BH-NS binaries. Thus, λ is larger than *Gm*~0~*/c*^2^ by a factor of ≳ 100.

To accurately compute the evolution of an orbiting BH and NS resolving the structure of each object, the grid spacing should be smaller than Δ~0~ ∼ *GM*~BH~/20*c*^2^ and ∼ *R*~NS~/40, respectively. In addition, the outer boundary along each axis of the computation domain should be larger than the wavelength of gravitational waves to accurately take into account gravitational radiation reaction and to accurately extract gravitational waves in the wave zone. Then, if one adopts a uniform grid with grid spacing Δ~0~, the total grid number in one direction should be larger than $$\documentclass[12pt]{minimal}
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                \begin{document}$${\begin{array}{*{20}c} {{\lambda \over {{\Delta _0}}} \approx \max \left[ {2100(1 + {Q^{- 1}})\left({{{G{c^{- 3}}\Omega {m_0}} \over {0.03}}} \right)^{- 1}} \right.}, \\ {\left. {700(1 + Q){{\left({{{{c^2}{R_{{\rm{NS}}}}/G{M_{{\rm{NS}}}}} \over 6}} \right)}^{- 1}}{{\left({{{G{c^{- 3}}\Omega {m_0}} \over {0.03}}} \right)}^{- 1}}} \right] .} \\ \end{array}}$$\end{document}$$ In three spatial dimensions, the required grid number is more than (2λ/Δ~0~)^3^. Thus, more than 1000^3^ in the grid number is necessary. For such a simulation, a quite high computational cost is required even in the present computational resources. It should also be pointed out that in such studies, a survey for a large parameter space composed of the mass and the spin of the BH, and the mass and EOS of the NS is necessary (see Section [3.2](#Sec3.2){ref-type="sec"}). For this purpose, it is very important to make every effort to save computational costs for each run.

Therefore, to efficiently perform a large number of numerical simulations with the finite-differencing method, adaptive mesh refinement (AMR), such as that proposed by Berger and Oliger \[[@CR23]\], is an indispensable technique. In this technique, one prepares several refinement levels of Cartesian boxes (or other geometrical domains) with different grid resolutions; usually in the smaller boxes, the grid resolution is higher. At such a fine refinement level, the BH and the NS are evolved with sufficiently high resolution with grid spacing ≲ Δ~0~. On the other hand, the propagation of gravitational waves, which have a wavelength much longer than the size of the compact objects, is followed in large-size boxes (in the coarser levels) with a large grid spacing, which is still much smaller than the gravitational wavelength (say, ∼ λ/10).

Mesh refinement techniques in numerical relativity have been developed by several groups (e.g., \[[@CR93], [@CR182], [@CR35], [@CR228]\]). The AEI and UIUC groups use the \<monospace\>Carpet\</monospace\> module of the \<monospace\>Cactus\</monospace\> code \[[@CR182]\] developed primarily by Schnetter, the KT group the \<monospace\>SACRA\</monospace\> code \[[@CR228]\] developed by Yamamoto, and the \<monospace\>LBPLI\</monospace\> group the \<monospace\>HAD\</monospace\> code \[[@CR7]\]. Recently, two independent codes (\<monospace\>Whisky\</monospace\>, which employs \<monospace\>Carpet\</monospace\>, and \<monospace\>SACRA\</monospace\>) were compared, performing simulations of NS-NS binaries \[[@CR14]\], and it was illustrated that the AMR scheme in \<monospace\>Carpet\</monospace\> and \<monospace\>SACRA\</monospace\> work well at the same level. The CCCW group employs a two-grid technique, which was originally proposed by the Meudon-Valencia-MPA team \[[@CR52]\]. In this approach, geometric-field quantities are evolved with the multi-patch pseudo-spectral method and the hydrodynamic equations are solved using a standard finite-volume scheme on a second grid \[[@CR58]\]. In solving the equations for the geometric field, the computational domain encompassing the local wave zone is prepared, while the hydrodynamic equations are solved in the region where the matter presents.

Current parameter space surveyed {#Sec3.2}
--------------------------------

There are many free parameters that specify a BH-NS binary; the mass and spin of the BH, and the mass of the NS. Furthermore, the EOS of the NS is still unknown, and thus, it should also be regarded as one of the free parameters. Here, the internal motion of the NS is believed to be close to an irrotational velocity field \[[@CR24], [@CR104]\] because the viscosity of the NS matter is too small to realize a corotational velocity field, and, in addition, the typical spin angular momentum of the NS (*P*~rot~ =0.1--1 s) is slow enough that we can safely assume that the NS spin is zero (because an orbital period of ≲ 10 ms for *m*~0~ ≲ *10 M*~⊙~ is much shorter than *P*~rot~). However, we have to accept a wide possible range for other parameters and EOS of NS. In particular, the mass and spin of a BH in a realistic binary system are totally unknown, and hence, a survey for a wide parameter space is required to fully understand the nature of BH-NS coalescence and to derive a complete catalog of possible gravitational waveforms.

In the first phase, all groups employed the Γ-law EOS in the form *P* = (Γ − 1)*ρε* with the special value of Γ = 2, for which the initial condition is prepared by using the polytropic EOS *P* = *κρ*^Γ^. In this EOS, physical parameters are non-dimensional quantities such as mass ratio, *Q = M*~BH~/*M*~NS~, and compactness of the NS, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$, because *κ* can be freely chosen. Since 2009, several more plausible EOS have been employed by the KT and CCCW groups.

The early work of the KT group was done with the Γ-law EOS for *a* = 0 and for a wide range of *Q* and $\documentclass[12pt]{minimal}
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                \begin{document}$(Q,a,{\mathcal C})$\end{document}$. Since 2009, the KT group has employed a piecewise polytropic EOS \[[@CR167], [@CR150]\] with a wide variety of EOS parameters (see Table [4](#Tab4){ref-type="table"}). Simulations have been systematically performed employing this EOS for a wide range of ($\documentclass[12pt]{minimal}
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                \begin{document}$0.12 \lesssim {\mathcal C} \lesssim 0.19$\end{document}$) \[[@CR107], [@CR109]\]; 2 ≤ *Q* ≤ 5, −0.5 ≤ *a* ≤ 0.75, and $\documentclass[12pt]{minimal}
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                \begin{document}$(Q,a,{\mathcal C})$\end{document}$. (Here, the negative value of the spin implies that the BH spin and orbital angular momentum vector are anti-parallel.)

The simulations of the UIUC group were performed employing the Γ-law EOS with Γ = 2. The UIUC group has chosen in total nine parameter sets for ($\documentclass[12pt]{minimal}
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                \begin{document}$(Q,a,{\mathcal C})$\end{document}$ and 0.145. Simulations were performed for the relatively small value of NS compactness.

The CCCW group performed simulations employing two types of EOS; Γ-law EOS with Γ = 2 and 2.75, and Shen's EOS, which is a tabulated EOS derived in a relativistic mean field theory \[[@CR188], [@CR189]\]. They focused on special parameter sets of ($\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \approx 0.145$\end{document}$) as *Q* = 1 and 3, *a* = 0 and 0.5, and $\documentclass[12pt]{minimal}
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                \begin{document}$(Q,a,{\mathcal C}) = (5,0.5,0.1)$\end{document}$ and 0.174. In their latest work, they focused on the case *Q* = 3 and *a* = 0.5, paying particular attention to the dependence of the merger process on the EOS and on the misalignment angle of the BH spin and orbital angular momentum axes.

The LBPLI group has performed one simulation to date, using the Γ-law EOS with Γ = 2, and with ($\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.1 - 0.17$\end{document}$) *=* ([5](#Equ5){ref-type=""}, 0.5, 0.1) \[[@CR41]\]. In their first work, the compactness was chosen to be small and not very realistic. In this simulation, magnetic fields in the ideal magnetohydrodynamics MHD approximation were incorporated, but they did not play an important role. The AEI group has performed simulations using Γ-law EOS with Γ = 2, and with *Q* = 5, *a* = 0, and $\documentclass[12pt]{minimal}
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To summarize, the total number of simulations is still small, although a systematic survey is required to fully understand the complete picture of the coalescence of BH-NS binaries. In particular, many simulations were performed in a not very realistic setting using a simple Γ-law EOS and small values of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$. As mentioned in Section [1](#Sec1){ref-type="sec"}, tidal disruption is more subject to the less compact NS, and hence, it should be in particular cautioned that a simulation with unphysically-small values of compactness may lead to an incorrect conclusion that tidal disruption and subsequent disk formation are easily achieved.

Nevertheless, the simulations performed so far have clarified a basic picture for the merger process of BH-NS binaries, the properties for the remnant, gravitational waveforms, and gravitational-wave spectrum. In the following, we summarize our current understanding of these topics based on work to date.

Merger process {#Sec3.3}
--------------

### Zero BH spin {#Sec3.3.1}

As mentioned in Section [1](#Sec1){ref-type="sec"}, broadly speaking, the final fates of BH-NS binaries are divided into two classes. One in which the NS is tidally disrupted before it is swallowed by the companion BH and the other is that the NS is simply swallowed by the BH. Figures [11](#Fig11){ref-type="fig"} and [12](#Fig12){ref-type="fig"} display snapshots of the rest-mass density profiles and the location of the apparent horizon on the equatorial plane at selected time slices for two typical cases \[[@CR107]\]. For these results, the NS are modeled by the piecewise polytropic EOS described in Table [4](#Tab4){ref-type="table"}. Figure [11](#Fig11){ref-type="fig"} illustrates the process in which the NS is tidally disrupted before the binary reaches the ISCO and then a disk is formed surrounding the companion BH. For this model, *M*~BH~ = 2.7 *M*~⊙~, *a* = 0, *M*~NS~ = 1.35 *M*~⊙~, and *R*~NS~ = 15.2 km (EOS 2H); the mass ratio (*Q* = 2) is small and the NS radius is large. For this setting, the NS is significantly tidally deformed in close orbits, and eventually, mass shedding from an inner cusp of the NS sets in far outside the ISCO. After a substantial fluid element is removed from the inner cusp, the NS is tidally disrupted outside the ISCO. It should be emphasized that tidal disruption does not occur immediately after the onset of mass shedding in this case. Tidal disruption occurs *for an orbital separation smaller than that for the onset of mass shedding*. Figure 11Evolution of the rest-mass density profile in units of g/cm^3^ and the location of the apparent horizon on the equatorial plane for a model with *M*~BH~ = 2.7 *M*~⊙~, *a* = 0, *M*~NS~ = 1.35 *M*~⊙~, and *R*~NS~ = 15.2 km (EOS 2H). This simulation was performed by the KT group. The filled circle denotes the region inside the apparent horizon of the BH. The colored panel on the right-hand side of each figure shows log~10~(*ρ*). This figure is taken from \[[@CR107]\]. Figure 12The same as Figure [11](#Fig11){ref-type="fig"} but for a model with *M*~BH~ = 4.05 *M*~⊙~, *a* = 0, *M*~NS~ = 1.35 *M*~⊙~, and *R*~NS~ = 11.0 km (EOS B).

After tidal disruption occurs, the material of the NS forms a one-armed spiral. As a result of angular momentum transport in the arm, a large amount of material spreads outward, and after the spiral arm is wound from the differential rotation, a disk of approximately axisymmetric configuration is formed around the BH located approximately at the center. However, because of the presence of a non-axisymmetric structure at its formation, however, the disk does not completely relax to an axisymmetric state in the rotational period ∼ 10 ms. Rather, a one-armed spiral of small amplitude is present for a long time, and helps gradually transporting angular momentum outward, resulting in a gradual mass infall into the BH. However, the mass accretion time scale is much longer than the rotational period, and hence, the disk remains quasi-stationary for;≫ 10 ms. This evolution process agrees qualitatively with that found in the study of the longterm evolution of BH-disk systems \[[@CR90], [@CR103]\].

The tidal disruption process as illustrated in Figure [11](#Fig11){ref-type="fig"} is qualitatively common for the model with a low-mass BH or a large-radius NS or a high-spin BH. However, quantitative details depend on the parameters of the binary. For a small mass ratio (*Q* ∼ 2) with *a* = 0, the typical size of the disk (the region with *ρ* \> 10^10^ g/cm^3^) is 50--100 km with maximum density ≳ 10^12^ g/cm^3^ for a disk of mass ∼ 0.1 *M*~⊙~ as shown in Figure [11](#Fig11){ref-type="fig"}. Thus, the disk is rather compact. The disk relaxes to a nearly axisymmetric configuration in a short time duration, approximately equal to the rotational period around the BH. We note that these properties depend on the parameter of the binary. For example, for a large mass ratio with a high BH spin (e.g., *Q* = 5 and *a* = 0.75), the typical size is also ∼ 100 km, but the maximum density is smaller than those for the smaller value of *Q*; the time scale until the disk relaxes to an axisymmetric configuration is relatively long. A remarkable point is that the tidal debris of relatively low density ∼ 10^10^ g/cm^3^ could be ejected to a distance of ≫ 100 km \[[@CR63], [@CR57], [@CR41], [@CR109]\], i.e., a wider but less dense disk is formed (see also Section [3.3.3](#Sec3.3.3){ref-type="sec"}).

Figure [12](#Fig12){ref-type="fig"} illustrates the case in which the NS is not tidally disrupted before it is swallowed by the BH. For this model, *M*~BH~ = 4.05 *M*~⊙~, *a* = 0, *M*~NS~ = 1.35 *M*~⊙~, and *R*~NS~ = 11.0 km (EOS B in Table [4](#Tab4){ref-type="table"}). In this case, the NS is tidally deformed only in a close orbit. Then, mass shedding sets in for a too close orbit to induce subsequent tidal disruption outside the ISCO. As a result, most of the NS material falls into the BH approximately simultaneously. Also, the infall occurs from a narrow region of the BH horizon. These processes help exciting a non-axisymmetric fundamental quasi-normal mode (QNM) of the remnant BH. The mass of the disk formed after the onset of the merger is negligible (much smaller than 0.01 *M*~⊙~), because the BH simply engulfs the NS.

Generally speaking, the final fate depends on the location where mass shedding of the NS sets in. If the location is in the vicinity of or inside the ISCO, most of the NS material falls into the companion BH, and a BH with negligible surrounding material is the outcome. With the increase of the orbital separation at the onset of mass shedding, the mass of the material surrounding the BH increases. Note again that the mass shedding has to set in sufficiently outside the ISCO to induce tidal disruption, because tidal disruption occurs only after substantial mass is removed from the NS.

### Nonzero BH spin {#Sec3.3.2}

The effect of the BH spin significantly modifies the orbital evolution process in the late inspiral phase and merger dynamics, as first demonstrated by the UIUC group \[[@CR63]\]. Figure [13](#Fig13){ref-type="fig"} shows the trajectories of the BH and NS for models with *Q* = 3, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$, and *a* = 0 (left) and *a* = 0.75 (right) \[[@CR63]\]. The NS is modeled by the Γ-law EOS with Γ = 2. The initial orbital angular velocity is the same for two models. For the binary composed of a non-spinning (*a* = 0) BH and NS, the merger occurs after about 4 orbits, whereas for the case with a spinning BH (*a* = 0.75), it occurs after about 6 orbits. For the case with a spinning BH, the decreased rate of the orbital separation appears to be small. Qualitatively, these differences may be explained primarily by the presence of a spin-orbit coupling effect, which is accompanied by an additional repulsive force for *a* \> 0 (and attractive force for *a* \< 0), and thus, reduces the attractive force between two objects (see the equations of motion for two-body systems in the context of the PN approximation \[[@CR102], [@CR226], [@CR100]\]). In the presence of this additional repulsive force, centrifugal forces should be reduced for a given orbital separation. This slows down the orbital velocity, and therefore, the luminosity of gravitational waves is decreased and orbital evolution due to gravitational radiation reaction is delayed (the lifetime of the binary becomes longer). In addition, the orbital radius at the ISCO around the BH is decreased (and the absolute value of the binding energy at the ISCO around the BH is increased) due to the spin-orbit coupling effect (e.g., \[[@CR16]\]). This further helps to increase the lifetime of the binary because it evolves as a result of gravitational radiation reaction and hence has to emit more gravitational waves to reach the ISCO. Figure 13Trajectories of the BH and NS coordinate centroids for models with *Q* = 3, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$, and *a* = 0 (left) and *a* = 0.75 (right). This simulation was performed by the UIUC group. The NS is modeled by the Γ-law EOS with Γ = 2. The BH coordinate centroid corresponds to the centroid of the BH, and the NS coordinate centroid denotes a mass center. This figure is taken from \[[@CR63]\].

This longer lifetime for a binary with a spinning BH enhances the possibility of tidal disruption, and the final outcome is modified. Figure [14](#Fig14){ref-type="fig"} displays the contour curves and the location of the remnant BH for the same models as in Figure [13](#Fig13){ref-type="fig"}. For both models, the NS is tidally disrupted outside the ISCO and a disk is formed. For the spinning BH case (*a* = 0.75), a more extended, more massive, and denser disk is the outcome. For the non-spinning case (*a* = 0), the disk mass is only ≈ 4% of the total rest mass whereas for *a* = 0.75, it is ≈ 13% (see Section [3.4](#Sec3.4){ref-type="sec"} for details of the remnant disk). This is probably due to the effect that the physical radius of the ISCO (or specific angular momentum of a particle orbiting the ISCO) around the spinning BH is smaller than that for the non-spinning BH and also that the radial approaching velocity at tidal disruption is smaller for a spinning BH because of the repulsive nature of the spin-orbit coupling effect. Figure 14A remnant BH-disk system for models shown in Figure [13](#Fig13){ref-type="fig"}. The simulation was performed by the UIUC group. The contour curves, velocity fields (arrows), and BH (solid circles) are plotted. This figure is taken from \[[@CR63]\].

The CCCW group subsequently studied the effects of BH spin on the final remnant with several EOS \[[@CR57]\]. They reached a similar conclusion about the orbital evolution and final outcome to that of the UIUC group even for the case in which BH spin is slightly smaller, *a* = 0.5. This conclusion was reconfirmed also by the KT group \[[@CR109]\] for a wide variety of piecewise polytropic EOS and mass ratios. Therefore, a moderately large BH spin, *a* = 0.5, is substantial enough for modifying the merger process and enhancing the disk formation. The CCCW group also performed a simulation with *a* = 0.9 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.18$\end{document}$ \[[@CR74]\] and found that tidal disruption occurs far outside the ISCO and the resulting disk mass is very high, ∼ 36% of the total rest mass (see Section [3.4](#Sec3.4){ref-type="sec"}).

The KT group also found that \[[@CR109]\] for binaries composed of a high-spin BH (*a* = 0.75) and NS, tidal disruption may occur for a large value of mass ratio, *Q* ∼ 5, for a wide variety of NS EOS as far as it gives $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = {(}0.144{)} - 0.173$\end{document}$. This implies that tidal disruption of a NS may be possible for a large BH mass over a wide area. In such case, the material of the tidally-elongated NS is swallowed from a relatively narrow region of the BH surface. As will be discussed in Section [3.6](#Sec3.6){ref-type="sec"}, this helps excite a non-axisymmetric fundamental QNM of the remnant BH. On the other hand, for the non-spinning BH case for which tidal disruption occurs only for a small BH, the material of a tidally-elongated NS is always swallowed by a wide region of the BH surface. This suppresses the excitation of non-axisymmetric QNM. This difference is reflected in gravitational waveforms and spectra, as predicted in \[[@CR177], [@CR178]\] (in which a BH perturbation study was performed).

To clarify the fact described above, Kyutoku et al. \[[@CR109]\] generated Figures [15](#Fig15){ref-type="fig"}--[17](#Fig17){ref-type="fig"}, which show the evolution of the rest-mass density profile for *Q* = 3, *M*~ns~ = 1.35 *M*~⊙~, and EOS HB (cf. Table [4](#Tab4){ref-type="table"}) with *a* = 0.75, 0.5, and −0.5, respectively. The evolution processes shown in Figures [15](#Fig15){ref-type="fig"} and [17](#Fig17){ref-type="fig"} are similar to those in Figures [11](#Fig11){ref-type="fig"} and [12](#Fig12){ref-type="fig"}, respectively. Figure [15](#Fig15){ref-type="fig"} shows the case in which mass shedding of the NS occurs at an orbit sufficiently far from the BH. Subsequently, the NS is extensively elongated, a one-armed spiral is formed, and then the spiral arm composed of dense material is wound around the BH. The material located in the outer region of the spiral arm forms a disk, while that in the inner region falls into the BH. The infall of the dense material proceeds from a wide region of the BH surface as seen in the fourth panel of Figure [11](#Fig11){ref-type="fig"}. By contrast, for *a* = −0.5 (see Figure [17](#Fig17){ref-type="fig"}), tidal disruption does not occur and more than 99.99% of the NS matter falls into the BH from a narrow region of the BH horizon and in a short time scale. Figure 15The same as Figure [11](#Fig11){ref-type="fig"} but for a model with *M*~BH~ = 4.05 *M*~⊙~, *a* = 0.75, *M*~NS~ = 1.35 *M*~⊙~, and *R*~NS~ = 11.6 km (EOS HB). The simulation was performed by the KT group. The figure is taken from \[[@CR109]\]. Figure 16The same as Figure [15](#Fig15){ref-type="fig"} but for a model with *a* = 0.5. This simulation was performed by the KT group. This figure is taken from \[[@CR109]\]. Figure 17The same as Figure [16](#Fig16){ref-type="fig"} but for a model with *a* = −0.5. This simulation was performed by the KT group. This figure is taken from \[[@CR109]\].

The type of merger process for *a* = 0.5 shown in Figure [16](#Fig16){ref-type="fig"} is qualitatively new. Tidal disruption occurs in a relatively close orbit (in the vicinity of the BH ISCO). The subsequent evolution process is similar to that for *a* = 0.75, but the infall of dense NS material to the BH occurs from a relatively narrow region (see the second to fourth panels of Figure [16](#Fig16){ref-type="fig"}). Eventually, the infall proceeds from a wide region of the BH surface, but the density of the infalling material seems to be too low to enhance a QNM oscillation of the BH significantly (see the fifth panel of Figure [16](#Fig16){ref-type="fig"}). This feature is often found for a binary of high-mass ratio and high BH spin.

To date, three types of merger process have been found. Type-I: the BH mass is low or the BH spin is high, and the NS is tidally disrupted for an orbit far from the BH ISCO; Type-II: the BH mass is not low, the BH spin is small (or *a* \< 0), and the NS is not tidally disrupted; Type-III: the BH mass is not low, the BH spin (*a* \> 0) is high, and the NS is tidally disrupted for an orbit close to the BH ISCO. Their merger processes are schematically described in Figure [18](#Fig18){ref-type="fig"}. These differences in the infall process are well reflected in gravitational waveforms and spectra. Figure 18Schematic pictures for the three types of merger process that have been found to date. *Left (type-I)*: the NS is tidally-disrupted and the extent of the tidally disrupted material is as large as or larger than the BH surface area. *Middle (type-II)*: the NS is not tidally disrupted and simply swallowed by the BH. *Right (type-III)*: the NS is tidally disrupted and the extent of the tidally disrupted material in the vicinity of the BH horizon is smaller than the BH surface area. The solid black sphere is the BH, the blue distorted ellipsoid is the NS, the solid red circle is the location of the BH ISCO, and the dashed circle is the location of the tidal-disruption limit. This figure is taken from \[[@CR109]\].

In the latest work of the CCCW group \[[@CR74]\], the effect of spin orientation, which is misaligned with that of the orbit rotation axis, was studied for the first time. They performed simulations for *a* = 0, 0.5, and 0.9, and *Q* = 3 with Γ-law EOS (Γ = 2), and found that the remnant disk mass decreases sensitively with increase of the inclination (misalignment) angle for given values of *a* and *Q* (see Figure [20](#Fig20){ref-type="fig"}). This is quite natural because the spin-orbit coupling force is proportional to **S**·**L**, where **S** and **L** denote BH spin and orbital angular momentum vectors, respectively, and the radius of the ISCO around the BH approaches that for *a* = 0 with increasing of the inclination angle. Thus, the BH spin effect becomes less important with the increase of the inclination angle. They also found that the inclination angle is significantly decreased after a substantial mass of the NS falls into the companion BH, implying that the angular momentum vector of the remnant disk misaligns only modestly with the BH spin vector (by ≲ 20°). This is also quite natural because the orbital angular momentum is as large as or larger than the spin angular momentum of the BH for small mass ratios like *Q* = 3. However, for a high value of *Q* for which the fraction of the BH spin angular momentum in the total angular momentum is large, this conclusion will be modified. The initial inclination angle will not be significantly modified and an inclined disk, which subsequently precesses around the spinning BH, may be the outcome.

### Extent of remnant disk {#Sec3.3.3}

A tail of a one-armed spiral formed at tidal disruption often extends far away from the BH, in particular for the case in which the BH spin is high. The CCCW group reported that for *Q* = 3, *a* = 0.5, and $\documentclass[12pt]{minimal}
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                \begin{document}$\sqrt {{l^3}/G{m_0}}$\end{document}$ (i.e., for realistic values of the compactness), a tidal tail of mass 0.01--0.1 *M*~⊙~ goes to a distance *l* = 200--2000 km away from the BH before falling back to the central region \[[@CR57]\]. They also reported that the fall-back time scale was ∼ 200 ms for *l* = 2000 km assuming that the material obeys geodesic motion. Here, 200 ms agrees roughly with the dynamic infall time scale $\documentclass[12pt]{minimal}
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                \begin{document}$\sqrt {{l^3}/G{m_0}}$\end{document}$. This indicates that the time scale of mass accretion from the disk onto the BH is much longer than the rotational period of the disk in the vicinity of the BH ∼ 10 ms. The typical duration of SGRB is 0.1--1 s \[[@CR142]\]. Such a time scale may be explained by the time scale of the fall-back motion.

The LBPLI group also estimated the fall-back time for their simulation with *Q* = 5, *a* = 0.5, and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.16 - 0.18$\end{document}$ \[[@CR41]\]. In their simulation, the compactness of the NS was assumed to be smaller than that for a realistic NS, and thus, the formation of the tidal tail can be significantly enhanced. They reported that for a large fraction of the material ∼ 0.05 *M*~⊙~, the fall-back time may be longer than 1 s. However, they followed the motion of the tidal tail only for a short time duration (16.3 ms; i.e., they did not show that the material really went far away, *l* ≳ 10^4^ km), and in addition, did not describe the detail of the method for estimating the fall-back time. (Note that a fall-back time longer than 1 s is realized only for an element, which reaches a distance from the BH of *l* ≳ 10^4^ km.) Hence, their conclusion should be confirmed by a longer-term simulation in the future. Their finding in the framework of numerical relativity that the disk can extend to a large distance ≫ 10 *GM*~0~/*c*^2^ for a high BH spin was qualitatively new.

The KT group performed simulations for *M*~NS~ = 1.35 *M*~⊙~, *Q* = 2--5, *a* = 0.75 with several piecewise polytropic EOS \[[@CR109]\]. They found that even for a binary with a NS of realistic compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \approx 0.145$\end{document}$, the disk can extend to ≳ 500 km (which is approximately the location of the outer boundary of the computational domain in their simulations). This conclusion agrees qualitatively with the previous results by CCCW and LBPLI. Thus, for the merger of a rapidly-spinning BH and a NS, it may be concluded that a widely-spread disk is formed, and the lifetime of the accretion disk will be fairly long ≳ 0.1 s. The KT groups also found that the density of the disk decreases with increase of *Q* (or the BH mass); for a high-mass BH, a widely spread but less dense disk is formed.

### Effects of EOS {#Sec3.3.4}

The dependence of the merger process on the NS EOS comes primarily from the fact that the NS radius depends sensitively on the EOS. For a NS with a large radius, tidal disruption (and subsequent disk formation) is more likely. This fact was clearly shown in the works by the KT group \[[@CR107], [@CR109]\], performed employing a variety of the piecewise polytropic EOS.

The EOS also determines the density profile of a NS. Even if the radius is the same for a given mass, the density profiles for two NS may be different if the hypothetical EOS is different. The KT group showed that a NS with a small adiabatic index for the core region, with which the density is concentrated in the central region, is less subject to tidal disruption than that with a larger adiabatic index (with relatively uniform density profile), even if the radius and mass are identical; e.g., for the piecewise polytropic EOS listed in Table [4](#Tab4){ref-type="table"}, a NS with a smaller value of Γ~2~ is less subject to tidal disruption. The reason for this is that the star with a high degree of central density concentration is less subject to tidal deformation, as reviewed in Section [1.2](#Sec1.2){ref-type="sec"}.

The CCCW group performed a simulation incorporating a tabulated finite-temperature EOS for the first time \[[@CR57]\]. The advantage of this approach is that one can determine the temperature and composition, such as electron fraction in the disk formed after tidal disruption occurs. This will be useful for discussing the possibility that the remnant BH-disk system could be a central engine of an SGRB. To avoid taking into account the effects of neutrino emission, they assumed that the system is in *β*-equilibrium or that the electron fraction is unchanged in the fluid-moving frame. In the former and latter, they assumed that the system is in either of the following two limiting cases; the weak interaction time scale is either much shorter or much longer than the dynamic time scale, respectively. They performed simulations focusing on the case *a* = 0.5 and *Q* = 3. Irrespective of the EOS, they found that the remnant disk is neutron rich with *Y*~*e*~ ∼ 0.1−0.2 and the temperature is only moderately high (maximum is ∼ 10 MeV with the average ∼ 3 MeV) with the maximum density ∼ 10^12^ g/cm^3^ and disk mass ∼ 0.1 *M*~⊙~. Perhaps, because of the relatively low mass and density of the disk, the temperature is not as high as that found in a Newtonian simulation with detailed microphysics \[[@CR95]\].

Properties of the remnant black hole and disk {#Sec3.4}
---------------------------------------------

During merger, NS material falls into its companion BH, and then, the mass and spin of the BH vary. Because a large fraction of the NS material falls into the BH for most of the numerical experiments performed so far and the total energy of gravitational waves emitted (*E*~GW~) is much smaller than the total mass energy of the system, the final BH mass becomes roughly *M*~BH~ + *M*~NS~ − *M*~disk~ − *E*~GW~ ≲ *M*~BH~ + *M*~NS~ = *m*~0~. (The disk mass *M*~disk~ and *E*~GW~ are less than 10% of the initial total mass m0.) Numerical results indeed show that the final BH mass is larger than 0.9*m*~0~.

The final BH spin depends sensitively on the mass ratio and initial BH spin. This can be understood by the following simple analysis. In Newtonian gravity, the total orbital angular momentum for two point masses in a circular orbit with an angular velocity Ω is $$\documentclass[12pt]{minimal}
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                \begin{document}$${J_{{\rm{orb}}}} = {{{G^{2/3}}{M_{{\rm{BH}}}}{M_{{\rm{NS}}}}} \over {{{(\Omega {m_o})}^{1/3}}}}.$$\end{document}$$ Thus, the non-dimensional spin parameter of the system is approximately written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${a_f} = {{c{G^{- 1}}{J_{{\rm{orb}}}} + M_{{\rm{BH}}}^2a} \over {m_0^2}} = {{{{(G{c^{- 3}}\Omega {m_0})}^{- 1/3}}Q + a{Q^2}} \over {{{(1 + Q)}^2}}},$$\end{document}$$ where we assume that the BH spin aligns with the orbital angular momentum vector. If the mass and angular momentum of the remnant disk, and loss by gravitational waves may be neglected, *a*~*f*~ will be equal to the spin of the remnant BH. At the onset of the merger or at tidal disruption, the angular velocity becomes *Gc*^−3^Ω*m*~0~ ∼ 0.05−0.1, and thus, (*Gc*^−3^Ω*m*~0~)^−1/3^ is in a narrow range of ∼ 2.1--2.7. This implies that *a*~*f*~ is primarily determined by *Q* and *a*.

Equation [(123)](#Equ123){ref-type=""} gives rather qualitative estimate for the spin of the remnant BH. Nevertheless, it still gives a good approximate value of the final spin with the choice of (*Gc*^−3^Ω*m*~0~)^−1/3^ = 3 as large as the remnant disk mass is small. With this choice, *a*~*f*~ = 0.67, 0.56, 0.48, and 0.42 for *Q* = 2, 3, 4, and 5 and for *a* = 0. These values agree with the results derived by the CCCW \[[@CR74]\], KT \[[@CR194], [@CR107], [@CR108]\], and UIUC \[[@CR63]\] groups within the error of Δ*a* = 0.01−0.02.

For a large BH spin with *a* ≳ 0.5, a disk of a large mass (≳ 0.1 *M*~⊙~) is often formed even for *Q* ∼ 3 − 5 (see below). In such cases, Equation [(123)](#Equ123){ref-type=""} overestimates the final BH spin. However, this equation still captures the qualitative tendency of the final spin; e.g., for small BH spin, the final spin is determined by the value of *Q* and the larger values of *Q* results in smaller final BH spin; for larger values of *Q* with a large BH spin *a* ≳ 0.5, the final BH spin is primarily determined by the initial BH spin.

The mass and characteristic density of the remnant disk surrounding the BH depend sensitively on the mass ratio (*Q*), the BH spin (*a*), and the EOS (or the compactness) of the NS. Figures [19](#Fig19){ref-type="fig"}--[21](#Fig21){ref-type="fig"} illustrate this fact. Figure [19](#Fig19){ref-type="fig"} displays a result of the disk mass as a function of the NS compactness for *Q* = 2 (left) and *Q* = 3 (right) for various piecewise polytropic EOS and for various values of a, reported by the KT group \[[@CR109]\]. This shows that the disk mass decreases steeply and systematically with the increase of the compactness irrespective of *a* and *Q*. Figure 19*Left*: Disk mass at 10 ms after the onset of merger as a function of NS compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ with various piecewise polytropic EOS and with various values of *a* for *Q* = 2. *Right*: The same as the left panel but for *Q* = 3. The simulations were performed by the KT group and the figure is taken from \[[@CR109]\]. Figure 20*Left*: Summary of the remnant disk mass as a function of the BH spin for a fixed EOS (Γ = 2 EOS), NS compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$, and mass ratio (*Q* = 3), computed by the UIUC, CCCW, and KT groups. The vertical axis shows the fraction of the disk mass M~*r*\>*r*AH~/*M*~*B*~ where *M*~B~ is the baryon rest mass of the NS. "CCCWin" shows the results by the CCCW group with inclination angle of the BH spin, 40, 60, and 80 degrees (from upper to lower points). *Right*: The same as the left panel but for the disk mass in the solar mass unit for more compact NS $\documentclass[12pt]{minimal}
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                \begin{document}$({\mathcal C} \approx 0.172)$\end{document}$ with a piecewise polytropic EOS (HB). The simulation was performed by the KT group \[[@CR109]\]. For both panels, the disk mass is measured at t ≈ 10 ms after the onset of the merger (for the Γ-law EOS, *M*~NS~ is assumed to be 1.4 *M*~∩~). Figure 21*Left*: Disk mass as a function of NS compactness for various values of *Q* with *a* = 0.75. *Right*: The same as the left panel but for *a* = 0.5. These simulations were performed by the KT group and this figure is taken from \[[@CR109]\].

The left panel of Figure [20](#Fig20){ref-type="fig"} plots together the results obtained by the UIUC, CCCW, and KT groups for Γ = 2 EOS with $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ and *Q* = 3 (the revised result by the KT group is plotted here; results in early work by the KT group do not agree with the result shown here \[[@CR228], [@CR194]\]; see below for the reason). This shows that the disk mass increases steeply with BH spin (*a*) for given values of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \sim 0.17$\end{document}$ and *Q*. The results by these three groups agree approximately with each other for *a* = 0. The CCCW group showed for the first time that the disk mass decreases with the increase of the inclination angle of the BH spin, and toward the limit to 90 degree, the disk mass approaches to that of *a* = 0. The right panel of Figure [20](#Fig20){ref-type="fig"} plots the results by the KT group for different compactness (using EOS HB with *M*~NS~ = 1.35 *M*~⊙~; see Table [4](#Tab4){ref-type="table"}). This shows again that the disk mass increases with the increase of the BH spin, and also that for high BH spin (e.g., *a* = 0.75), the disk mass is larger than 0.1 *M*~⊙~ even for *Q* = 5 with $\documentclass[12pt]{minimal}
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Figure [21](#Fig21){ref-type="fig"} shows disk mass as a function of NS compactness for *a* = 0.75 and *a* = 0.5 as performed by the KT group \[[@CR109]\]. A steep decrease in disk mass with increasing compactness is found irrespective of the values of *a* and *Q*. Simulations for BH-NS binaries with a spinning BH for particular values of the compactness or mass ratio were also performed by the CCCW and UIUC groups for *a* = 0.5 and 0.75, respectively. The results of the CCCW group for *a* = 0.5 and *Q* = 3 with various EOS agree with those of Figure [21](#Fig21){ref-type="fig"} within ∼ 10--20%. We note that the disk mass may be different in the different EOS even with the same compactness of the NS, because the density profile of the NS, and the resulting susceptibility to the BH tidal force is different. Thus, this disagreement is reasonable. Also, the results of the UIUC group for *a* = 0.75, *Q* = 3, and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ = 0.145 with the Γ-law EOS (the disk mass ∼ 0.15 *M*~B~) agree with the relation expected from Figure [21](#Fig21){ref-type="fig"} within ∼ 20% error.

To clarify the dependence of the disk mass on relevant parameters, we consider three types of comparisons. First, we consider the case in which *a*, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$, and the EOS are fixed, but *Q* is varied. In this case, the disk mass monotonically decreases with the increase of *Q* for many cases. For example, for *a* = 0 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ with Γ = 2 EOS, the disk mass is larger (smaller) than 0.01 *M*~B~ for *Q* ≲ 4 (*Q* ≳ 4) \[[@CR63], [@CR74], [@CR154]\]. However, we should point out the exception to this rule, because for the case in which a large-mass disk is formed, this rule may not hold. For example, the comparison between the left and right panels of Figure [19](#Fig19){ref-type="fig"} shows that for relatively small compactness $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.16$\end{document}$, a large-mass disk is formed for high BH spins and the disk mass depends only weakly on the value of *Q* for given values of *a* and $\documentclass[12pt]{minimal}
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Second, we consider the case in which *Q* and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ are fixed, but *a* is varied. The UIUC group compared the results for *a* = −0.5, 0, and 0.75 for *Q* = 3 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ with the Γ-law EOS (Γ = 2), and the resulting disk mass at ∼ 10 ms after the onset of the merger is 0.008, 0.039, and 0.15 *M*~B~ for *a* = −0.5, 0, and 0.75, respectively \[[@CR63]\]. The CCCW group performed a similar study for *a* = 0, 0.5, and 0.9 for *Q* = 3 and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.144$\end{document}$ with the Γ-law EOS (Γ = 2), and found that the disk mass at 10 ms after the onset of the merger is 0.034, 0.126, and 0.360 Mb for *a* = 0, 0.5, and 0.9, respectively \[[@CR74]\]. Both groups found the systematic steep increase of the disk mass with the increase of the BH spin (cf. the left panel of Figure [20](#Fig20){ref-type="fig"}). This was also reconfirmed by the KT group \[[@CR109]\] (see the right panel of Figure [19](#Fig19){ref-type="fig"} and Figure [21](#Fig21){ref-type="fig"}).

Third, we consider the case in which *a* and *Q* are fixed, but the compactness, C, is varied. Systematic work was recently performed by the KT group \[[@CR107], [@CR108], [@CR109]\], employing a piecewise polytropic EOS. Figures [19](#Fig19){ref-type="fig"} and [21](#Fig21){ref-type="fig"} show that the disk mass decreases monotonically with the increase of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ for given values of *a* and *Q*. For producing a disk of mass larger than 0.01 *M*~⊙~ for $\documentclass[12pt]{minimal}
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                \begin{document}$a = 0,\,{\mathcal C}$\end{document}$ should be smaller than ∼ 0.18 for *Q* = 2 and ∼ 0.16 for *Q* = 3 according to their results. For *a* = 0.75, the condition is significantly relaxed.

Finally, the KT group \[[@CR107], [@CR108]\] found that the disk mass depends not only on the compactness but weakly on the density profile. For the NS with a more centrally concentrated density profile, the disk mass is smaller. The reason for this is that if the degree of the central mass concentration is smaller, tidal deformation is enhanced and it encourages earlier tidal disruption after the onset of mass shedding.

It is interesting to note that for *a* = 0.75 and *M*~NS~ ∼ 1.4 *M*~⊙~, the mass of a disk surrounding a BH can be larger than 0.1 *M*~⊙~ for *Q* ≲ 4 with $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.18$\end{document}$ and for *Q* ≲ 5 with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathcal C} = 0.17$\end{document}$. For *Q* = 2, the disk mass will be ≳ 0.1 *M*~⊙~ for any realistic NS with $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.20$\end{document}$. For a BH of higher spin, the disk mass will be even larger (cf. the left panel of Figure [20](#Fig20){ref-type="fig"}). In addition, the disk mass does not decrease steeply with the increase of *Q* for such a high spin. In particular, for a small value of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$, the disk mass depends very weakly on *Q*. All these results indicate that the disk mass is likely to be large even for a higher value of *Q*(≥ 5) with a high BH spin (*a ≥* 0.75). The maximum density of the disk increases monotonically with the disk mass. For a disk mass larger than 0.1 *M*~⊙~, the maximum density is larger than 10^12^ g/cm^3^ for *Q* ≲ 4 and ∼ 10^11^ g/cm^3^ for *Q* = 5 \[[@CR109]\]. Hence, a high-mass disk with a relatively small value of *Q* ≲ 4 is likely to be universally opaque against thermal neutrinos for the typical geometrical thickness of the disk; a neutrino-dominated accretion disk is the outcome and this is favorable for copious neutrino emission. This leads to the conclusion that the coalescence of BH-NS binaries with a high-spin BH with *a* ≳ 0.75 and *Q* ≲ 4 is a promising progenitor for forming a BH plus a massive disk system; that is the candidate for a central-engine of SGRB.

Before closing this subsection, we should note that different groups have reported different quantitative results for the disk mass in their earlier work, which has been improved upon. For example, the earlier work of the KT group presented a small disk mass \[[@CR228], [@CR194]\]. This is mainly due to an unsuitable choice of computational domain and partly due to a spurious numerical effect associated with insufficient resolution and an unsuitable choice of AMR grid. The first work of the UIUC group also underestimated the disk mass \[[@CR62]\]. This is due to an unsuitable prescription for handling the atmosphere. However, these have been subsequently fixed.

Generally speaking, the quantitative disagreement is due to the numerics. First, the fluid elements in the disk have to acquire a sufficiently large specific angular momentum which is larger than that at the ISCO of the remnant BH. The material that forms a disk obtains angular momentum by a hydrodynamic angular momentum transport process from the inner part of the material. This implies that such a transport process has to be accurately computed in a numerical simulation. However, it is well known that this is one of the challenging tasks in computational astrophysics. Second, to avoid spurious loss and transport of the angular momentum, a high-resolution computation is required. However, the disk material is located in a relatively distant orbit around the central BH. In the AMR scheme, which is employed in all the groups, the resolution in this region is usually poorer than that in the central region. This might induce a spurious loss of angular momentum and resulting decrease of disk mass, even by a factor of ∼ 2. However, these issues are being resolved with the improvement of computational resources, the efficiency of the numerical code, and the skill for computation with the AMR algorithm. The left panel of Figure [20](#Fig20){ref-type="fig"} shows as much.

Criteria for tidal disruption {#Sec3.5}
-----------------------------

As mentioned in Section [1](#Sec1){ref-type="sec"}, tidal disruption occurs after the onset of mass shedding and after a substantial fraction of the NS material is removed from the inner cusp by the BH tidal field. It is important to emphasize again that *the condition of tidal disruption is in general different from that of mass shedding for BH-NS binaries* and that tidal disruption could occur in a more restricted condition than that for mass shedding, as mentioned in Sections [1](#Sec1){ref-type="sec"} and [2](#Sec2){ref-type="sec"}. To determine the condition of tidal disruption, a dynamic simulation (not a study of quasi-equilibrium or equilibrium) is necessary.

It is not easy to strictly determine the condition of tidal disruption, because its concept is not as clear as that of mass shedding. One way to determine the condition is to use the property of gravitational waveforms in the merger phase; if the "cutoff" frequency is smaller than the frequency of a quasi-normal mode (QNM) of the remnant BH, we may conclude that tidal disruption occurs (see Section [3.6](#Sec3.6){ref-type="sec"} for details of the cutoff frequency). Another way is to use the property of the merger remnant; we may recognize that tidal disruption occurs if the mass of a remnant disk surrounding a BH is substantial, say larger than 1% of the total rest mass at *t* ∼ 10 ms after the onset of mass shedding. We employ both criteria here to determine whether tidal disruption occurs or not.

First, we summarize the criterion for the case in which the BH spin is zero (*a* = 0). In this case, the condition of tidal disruption depends strongly on the mass ratio and compactness of the NS. According to the criterion associated with a gravitational-wave spectrum (see Figure [28](#Fig28){ref-type="fig"}, as an example), the condition of tidal disruption is $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.16$\end{document}$ for *Q* = 3.

Figure [19](#Fig19){ref-type="fig"}, which displays the result of the disk mass for *a* = 0 with several piecewise polytropic EOS, also illustrates that the condition of tidal disruption depends strongly on the values of *Q* and $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$: the approximate condition for *a* = 0 is $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.16$\end{document}$ for *Q* = 3. We note that for *Q* = 3, this conclusion is consistent with those of the CCCW \[[@CR57]\] and UIUC \[[@CR63]\] groups. These criteria agree approximately with those derived from the gravitational-wave spectrum. The AEI group studied the case of *Q* = 5 with Γ-law EOS (Γ = 2) and showed that the condition is $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.13 - 0.14$\end{document}$ for *Q* = 5 \[[@CR154]\].

For a spinning BH, in particular for the case in which the spin vector aligns with the orbital angular momentum vector, the condition for tidal disruption is highly relaxed. Here, we focus only on the case in which the BH spin vector is aligned with the orbital angular momentum vector. From the disk mass as a function of compactness shown in Figure [21](#Fig21){ref-type="fig"} derived by the KT group, we can read the criteria as follows. For *Q* = 2, tidal disruption occurs irrespective of the value of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}(\lesssim 0.2)$\end{document}$ for *a* ≥ 0.5. However, for a counter-rotating spin (*a* = −0.5), the criterion for tidal disruption is significantly restricted ($\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}(\lesssim 0.2)$\end{document}$ as far as *Q* ≲ 4.

Finally, we compare the conditions for tidal disruption and mass shedding for *a* = 0. Figure [22](#Fig22){ref-type="fig"} plots threshold curves of tidal disruption, mass shedding in general relativity, and mass shedding in a tidal approximation in the plane of ($\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ is smaller than that of the threshold curves, tidal disruption or mass shedding occurs. The points with error bar approximately denote the numerical results for the criterion of tidal disruption, based on the results by the KT group for *Q* = 2, by the CCCW, KT, and UIUC groups for *Q* = 3, and by the AEI group for *Q* = 5. The solid and dashed curves denote the critical curves for the onset of mass shedding for Γ = 2 EOS in general relativity \[[@CR209], [@CR210]\], and for the incompressible fluid in a tidal approximation (see Equation [(12)](#Equ12){ref-type=""}), respectively. This shows that, for a realistically compact NS, $\documentclass[12pt]{minimal}
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                \begin{document}$0.13 \lesssim {\mathcal C} \lesssim 0.21$\end{document}$, the condition for tidal disruption is more restricted than that for mass shedding. The primary reason for this is that for such large compactness with *a* = 0, tidal disruption occurs only for a small value of *Q*. For such a system, the time scale for gravitational radiation reaction is as short as the orbital period in close orbits. This indicates that at the onset of mass shedding, the radial approaching velocity induced by gravitational radiation reaction is high enough to significantly decrease (increase) the orbital radius (angular frequency) during the subsequent mass-shedding phase up to final tidal disruption. If the fraction of this decrease in the orbital radius is large enough to enforce the orbit inside the ISCO, tidal disruption is prohibited. This mechanism makes the condition of tidal disruption for BH-NS binaries more restricted than that of mass shedding. Figure 22A summary for the conditions of tidal disruption and mass shedding for *a* = 0 in the plane of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ is smaller than that of the threshold curves shown here, they occur. The points with error bars (and the dotted curve) approximately denote the numerical results for tidal disruption, based on results by the KT group for *Q* = 2, by the CCCW, KT, and UIUC groups for *Q* = 3, and by the AEI group for *Q* = 5. The solid and dashed curves denote the critical curves for the onset of mass shedding for Γ = 2 EOS in general relativity \[[@CR209], [@CR210]\], and for the incompressible fluid in a tidal approximation (see Equation [(12)](#Equ12){ref-type=""}), respectively.

On the other hand, if the value of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ is small, tidal disruption may occur even for a large value of *Q*. With increase of *Q*, the ratio of the time scale of gravitational radiation reaction to the orbital period at the ISCO increases (e.g., Equation [(2)](#Equ2){ref-type=""}). For such a high-*Q* case, the effect of orbital decrease by gravitational radiation reaction after the onset of mass shedding becomes relatively minor, and therefore, the critical curves of tidal disruption and mass shedding approach each other.

For a BH-NS binary with high BH spin, mass shedding may occur even for high mass ratio (say *Q* = 10 for *a* ≳ 0.9, e.g., Equation [(12)](#Equ12){ref-type=""}). For such a case, the conditions for tidal disruption and mass shedding may approximately agree with each other. This point should be clarified through future study. If this is the case, the quasi-equilibrium study plays an important role in determining the condition of mass shedding, because this also gives the (approximate) condition of tidal disruption.

Gravitational waveforms In this section, the features of gravitational waveforms emitted by BH-NS binaries, found from numerical simulations to date, are summarized, showing the numerical results by the KT group \[[@CR107], [@CR109]\]. Waveforms of qualitatively similar features have been also derived by the UIUC \[[@CR63]\] and CCCW groups \[[@CR58]\]. {#Sec3.6}
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

### Zero BH spin {#Sec3.6.1}

Figure [23](#Fig23){ref-type="fig"} displays the typical gravitational waveforms for *a* = 0, which clearly reflect the features of the orbital evolution and subsequent merger processes (tidal disruption or not) as described in the following. In the early inspiral phase in which *r* ≫ *R*~NS~ and *r* ≫ *GM*~BH~/*c*^2^, two objects behave like point masses. In addition, general relativistic effects to the orbital motion are not extremely strong. For such a phase, the signal of gravitational waves is the *chirp signal* that can be well reproduced by the PN approximation for the two-body problem \[[@CR25]\]. Figure 23Gravitational waveforms observed along the axis perpendicular to the orbital plane for *Q* = 3 and *a* = 0 with very stiff (2H), stiff (H), moderate (HB), and soft (B) EOS. The simulation was performed by the KT group. The solid and dashed curves denote the numerical results and results derived by the Taylor-T4 formula. *D* is the distance from the source and *m*~0~ = *M*~BH~ + *M*~NS~. The left and right axes show the normalized amplitude (*c*^2^*Dh/Gm*~0~) and physical amplitude for *D* = 100 Mpc, respectively. This figure is taken from \[[@CR107]\].

For a close orbit in which the finite-size effect is still negligible but general relativistic gravity between two objects plays a role, it is known that the simple PN analysis fails to provide a precise waveform. Comparisons of the waveforms derived through PN analysis and through numerical computation for BH-BH binaries \[[@CR36], [@CR30], [@CR31], [@CR5], [@CR179]\] propose that a better waveform is phenomenologically derived using the *Taylor-T4* formula. This method requires a special summation method of PN high-order terms in the equations of motion, which include gravitational radiation reaction effects in an adiabatic approximation. First, one needs to calculate the evolution of the orbital angular velocity Ω(*t*) through *X*(*t*) *=* \[*Gc*^−3^Ω(*t*)*m*~0~\]^2/3^ up to 3.5PN order by solving the following ordinary differential equations \[[@CR36]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$1 + \Sigma _{i = 2}^7{a_i}{X^{i/2}}$\end{document}$ and *a*~*i*~ denote coefficients (functions of mass and spin of compact objects). *ν* is the ratio of the reduced mass to the total mass *m*~0~, *ν* = *Q*/(1 + *Q*)^2^. For a solution of *X*(*t*), then, the orbital phase Θ(*t*) is derived by integrating the following equation $$\documentclass[12pt]{minimal}
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                \begin{document}$${{d\Theta} \over {dt}} = {{{X^{3/2}}} \over {G{c^{- 3}}{m_0}}}.$$\end{document}$$ After *X*(*t*) and Θ(*t*) are obtained, the complex gravitational-wave amplitude *h*^22^ of (*l*, *m*) = ([2](#Equ2){ref-type=""}, [2](#Equ2){ref-type=""}) mode is calculated up to 3PN order using the formula of \[[@CR101]\].

Figure [23](#Fig23){ref-type="fig"} shows that gravitational waveforms in the late inspiral phase before the onset of the merger (or tidal disruption) indeed agree with the result derived by the Taylor-T4 formula for the BH-NS binaries, as in the case of BH-BH binaries. This is natural because of the equivalence principle for general relativity \[[@CR227]\]. (Note that in the first few wave cycles, the agreement is not very good. This is because the initial condition given for their simulation was not in an exact quasi-circular orbit.)

The waveforms may deviate from the prediction by the Taylor-T4 formula before the onset of the merger for a small value of *Q* or for a large NS radius. The reason for this is that the NS is tidally deformed by the BH, and, as a result, the pure Taylor-T4 formula, in which the tidal-deformation effect is not taken into account, is not a good formula for such a phase. The features of gravitational waveforms in the final inspiral phase are summarized later.

By contrast, for a sufficiently large value of *Q* or for a sufficiently compact NS, the tidal-deformation effect is negligible, and hence, the waveforms are quite similar to those for a BH-BH binary as mentioned above. For a small degree of tidal deformation and mass shedding, most of the NS material falls into the BH simultaneously (this case corresponds to type-II according to the definition of Figure [18](#Fig18){ref-type="fig"}). In such a case, a fundamental QNM of a BH is excited (see the waveform for the soft EOS in Figure [23](#Fig23){ref-type="fig"}), and the highest frequency of gravitational waves is determined by the QNM.

The degree of the QNM excitation depends strongly on the degree of tidal deformation and mass shedding. The primary reason for this is that a phase cancellation is concerned in the excitation; here, the phase cancellation is the amount that the gravitational waves emitted in a non-coherent manner (with different phases) interfere with each other to suppress the amplitude of gravitational waves \[[@CR141], [@CR187], [@CR139]\]. With increasing degree of mass shedding, the phase cancellation effect plays an increasingly important role and the amplitude of the QNM-ringdown gravitational waves decreases. For the case in which a NS is tidally disrupted far outside the ISCO, this effect is significantly enhanced because the NS material does not simultaneously fall into the BH. Rather, a widely spread material, for which the density is much smaller than the typical NS's density, falls into the BH from a wide region of the BH surface spending a relatively long time duration (this case corresponds to type-I according to the definition of Figure [18](#Fig18){ref-type="fig"}). Here, it is appropriate to point out why infall occurs from a wide region of the BH surface; the BH mass is small for the case in which mass shedding occurs for *a* = 0, and thus, the areal radius of the BH is smaller than or as small as the NS radius. All these effects are discouraging for efficiently exciting a QNM, and therefore, the amplitude of the QNM-ringdown gravitational waves is strongly suppressed for the case in which tidal disruption occurs (see the waveform for EOS 2H in Figure [23](#Fig23){ref-type="fig"}). For the case in which tidal disruption occurs, the highest frequency of gravitational waves is approximately determined by the orbital frequency at tidal disruption, not by the frequency of a QNM.

One important remark here is that this highest, characteristic frequency is not in general determined by the frequency at the onset of mass shedding. Even after the onset of mass shedding, the NS continues to be a self-gravitating star for a while and gravitational waves associated with an approximately-inspiral motion are emitted. After a substantial fraction of gravitational waves is emitted and thus, the orbital separation becomes sufficiently small, tidal disruption occurs. At such a moment, the amplitude of the gravitational waves damps steeply, and hence, the highest frequency of gravitational waves should be determined by the tidal-disruption event.

The qualitative features summarized above depend on the BH spin; for binaries composed of a BH of high spin, tidal disruption may occur for a high mass ratio, and hence, the infall process of the tidally-disrupted material into the BH may be qualitatively modified. This is well reflected in gravitational waveforms, as described in the next Section [3.6.2](#Sec3.6.2){ref-type="sec"}.

### Nonzero BH spin {#Sec3.6.2}

Gravitational waveforms are significantly modified in the presence of BH spin. Figure [24](#Fig24){ref-type="fig"} plots gravitational waveforms for *Q* = 3 with the same stiff EOS (HB EOS) and with the same initial angular velocity (*Gc*^−3^Ω*m*~0~ = 0.030) but with different values of the BH spin. This obviously shows that with increasing the BH spin, the lifetime of the binary system increases and hence the number of wave cycles increases. This is explained primarily by the spin-orbit coupling effect (see also Section [3.3](#Sec3.3){ref-type="sec"}), which brings a repulsive force into the BH-NS binary for the prograde spin of the BH. Due to the presence of this repulsive force, the orbital separation of the ISCO (the absolute value of the binding energy there) can be smaller (larger) than that for the non-spinning BH. This effect increases the lifetime of the binary, and furthermore, enhances the chance for tidal disruption of the NS because a circular orbit with a closer orbital separation is allowed. Second, the repulsive force reduces the orbital velocity for a given separation, because the centrifugal force may be weaker for a given separation to maintain a quasi-circular orbit. The decrease of the orbital velocity results in the decrease of the gravitational-wave luminosity, and this decelerates the orbital evolution as a result of gravitational radiation reaction, making the lifetime of the binary longer and increasing the number of cycles of gravitational waves. We note that all these effects are also clearly reflected in the gravitational-wave spectrum, as is shown in Section [3.7](#Sec3.7){ref-type="sec"}. Figure 24The same as Figure [23](#Fig23){ref-type="fig"} but for *Q* = 3 and *a* = 0.75 (top left), 0.5 (top right), 0 (bottom left), and −0.5 (bottom right) with HB EOS. This figure is taken from \[[@CR109]\].

Figure [24](#Fig24){ref-type="fig"} shows that for *a* ≤ 0, a ringdown waveform associated with a QNM of the BH is clearly seen, whereas for *a* = 0.75, such a feature is absent. This reflects the fact that tidal disruption of the NS occurs for *a* = 0.75 far outside the ISCO, whereas it does not for *a* ≤ 0. For *a* = 0.5, tidal disruption occurs but a ringdown waveform associated with a QNM is seen. This is a new type of gravitational waveform. In this case, tidal disruption occurs near the ISCO and a large fraction of the NS material falls into the BH. The infall occurs approximately simultaneously and proceeds from a narrow region of the BH surface. This new type appears for the case in which the BH mass (or mass ratio *Q*) is large enough that the surface of the event horizon is wider than the extent of the infalling material, as explained in Section [3.3.2](#Sec3.3.2){ref-type="sec"} (see Figure [18](#Fig18){ref-type="fig"}).

The inspiral waveform matches well to that of the Taylor-T4 formula for binaries composed of a spinning BH as well as for a non-spinning BH. Figure [24](#Fig24){ref-type="fig"} also shows that matching is achieved as well as for *a* = 0, irrespective of the spin, except for the final phase just before the onset of the merger. As in the case of *a* = 0, the deviation of gravitational waveforms from the prediction by the Taylor-T4 formula is enhanced with increasing degree of tidal deformation, and with subsequent mass shedding and tidal disruption.

The Fourier spectrum of gravitational waves {#Sec3.7}
-------------------------------------------

### Zero BH-spin case {#Sec3.7.1}

The final fate of the NS in BH-NS binaries is clearly reflected in the spectrum of gravitational waves. General qualitative features of the gravitational-wave spectrum for BH-NS binaries composed of non-spinning BH are summarized as follows. For the early stage of the inspiral phase, during which the orbital frequency is ≲ 1 kHz (*R*/12 km)^−3/2^ and the PN point-particle approximation works well, the gravitational-wave spectrum is approximately reproduced by the Taylor-T4 formula. For this phase, the spectrum amplitude of $\documentclass[12pt]{minimal}
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                \begin{document}${f^{- {n_i}}}$\end{document}$ where *n*~*i*~ ≈ 1/6 for *f* ≪ 1 kHz and the value of *n*~*i*~ increases with *f* for *f* ≲ 1 kHz (*R*/12 km)^−3/2^. As the orbital separation decreases, both the non-linear effect of general relativity and the finite-sized effect of the NS come into play, and thus, the PN point-particle approximation breaks down. When tidal disruption (not mass shedding) occurs for a relatively large separation (e.g., for a NS of stiff EOS or for a small value of *Q*), the amplitude of the gravitational-wave spectra damps above a "cutoff" frequency *f*~cut~. The cutoff frequency is equal to a frequency in the middle of the inspiral phase with *f*~cut~ ∼ 1−2 kHz for this case (it is lower than the frequency at the ISCO). The cutoff frequency depends on the binary parameters as well as on the EOS of the NS. A more strict definition of *f*~cut~ was given by the KT group and will be reviewed below.

By contrast, if tidal disruption does not occur or occurs at a close orbit near the ISCO, the spectrum amplitude for a high frequency region (*f* ≳ 1 kHz) is larger than that predicted by the Taylor-T4 formula (i.e., the value of ni decreases and can even become negative). In this case, an inspiral-like motion may continue even inside the ISCO for a dynamic time scale and gravitational waves with a high amplitude are emitted. (This property holds even in the presence of mass shedding.) This is reflected in the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$f\tilde h(f)$\end{document}$ becomes a slowly varying function of *f* for 1 kHz ≲ *f* ≲ *f*~cut~, where *f*~cut~ ∼2−3 kHz.

A steep damping of the spectra for *f* ≳ *f*~cut~ is universally observed, and for softer EOS with smaller NS radius, the frequency of *f*~cut~ is higher for a given mass of BH and NS. This cutoff frequency is determined by the frequency of gravitational waves emitted when the NS is tidally disrupted for the stiff EOS or by the frequency of a QNM of the remnant BH for the soft EOS. Therefore, the cutoff frequency provides potential information for a EOS through the tidal-disruption event of the NS, in particular for the stiff EOS.

Figure [25](#Fig25){ref-type="fig"}, plotted by the UIUC group \[[@CR63]\], clearly illustrates the facts described above. The top panel (case E) plots the spectrum for *Q* = 1, in which the NS is tidally disrupted far outside the ISCO. In this case, the spectrum damps at *f* ∼ 1 kHz at which the tidal disruption occurs. The bottom panel (case D) plots the spectrum for *Q* = 5, in which the NS is not tidally disrupted. In this case, the steep damping of the spectrum at *f* ∼ 2 kHz is determined by the swallowing of the NS by the companion BH, and thus, the cutoff frequency is characterized by ringdown gravitational waves associated with the QNM of the remnant BH. Because the finite-sized effect of the NS is not very important in this case, the gravitational-wave spectrum is similar to that of the BH-BH binary merger with the same mass ratio (*Q* = 5; see the dashed curve). In the middle panel (case A), the cutoff frequency, at which the steep damping of *h*~eff~ sets in, is different from that for the BH-BH binary with the same mass ratio. This implies that tidal deformation and disruption play an important role in the merger process and in determining the gravitational waveform. Figure 25The gravitational-wave spectrum for *Q* = 1 (Case E), 3 (Case A), and 5 (Case D) with *a* = 0 and Γ-law EOS with Γ = 2. This simulation was performed by the UIUC group. The solid curve shows the spectrum of a 2.5PN and numerical waveforms, while the dotted curve shows the contribution from the numerical waveform only. The dashed curve is the analytic fit derived in \[[@CR5]\] from analysis of BH-BH binaries composed of a non-spinning BH with the same values of *Q* as the BH-NS. The heavy solid curve is the effective strain of Advanced LIGO. To set physical units, a rest mass is assumed to be *M*~B~ = 1.4 *M*~⊙~ (*R* ≈ 13 km) for the NS and a source distance of *D* = 100 Mpc. This figure is taken from \[[@CR63]\].

As described above, the cutoff frequency at which the steep damping of the spectrum occurs will bring us the information for the degree of tidal deformation and where tidal disruption occurs in a close orbit just before the merger. The degree of tidal deformation and the frequency at which tidal disruption occurs depend on the EOS of the NS. This suggests that the cutoff frequency should have the information of the EOS. Motivated by this idea, the KT group performed a wide variety of simulations, changing the mass ratio, EOS, and BH spin, and systematically analyzed the resulting gravitational waveforms. Figure [26](#Fig26){ref-type="fig"} plots the spectrum as a function of the frequency for *Q* = 2, *M*~NS~ = 1.35 *M*~⊙~, and with a variety of EOS for *a* = 0. Irrespective of the EOS, the spectrum has the universal feature mentioned above. However, the cutoff frequency, at which the steep damping sets in, depends strongly on the EOS. Figure 26Spectra of gravitational waves from BH-NS binaries for *Q* = 2, *a* = 0, and *M*~NS~ = 1.35 *M*~⊙~ with various EOS. The bottom axis denotes the normalized dimensionless frequency *fm*~0~(= *Gfm*~0~*/c*^3^) and the left axis the normalized amplitude c^2^ $\documentclass[12pt]{minimal}
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                \begin{document}$f\tilde h(f)$\end{document}$ observed at a distance of 100 Mpc from the binaries. The short-dashed sloped line plotted in the upper left region denotes a planned noise curve of Advanced-LIGO \[[@CR2]\] optimized for 1.4 *M*~⊙~ NS-NS inspiral detection ("Standard"), the long-dashed slope line denotes a noise curve optimized for burst detection ("Broadband") and the dot-dashed slope line plotted in the lower right region denotes a planned noise curve of the Einstein Telescope ("ET") \[[@CR91], [@CR92]\]. The upper transverse dashed line is the spectrum derived by the quadrupole formula and the lower one is the spectrum derived by the Taylor-T4 formula, respectively. This figure is taken from \[[@CR107]\].

The features of gravitational-wave spectra for *a* = 0 are schematically summarized in Figure [27](#Fig27){ref-type="fig"}. Here, three curves are plotted assuming that the masses of the BH and the NS are all the same with *a* = 0 and with a relatively small value of *Q*, but the NS EOS is different. The curves (i)-a, (i)-b, and (ii) schematically denote the gravitational-wave spectra for the stiff, moderately stiff, and soft EOS. For (i)-a and (i)-b, the damping of the spectrum is determined by tidal disruption. In this case, the spectrum is characterized simply by exponential damping for *f* ≳ *f*~cut~. We refer to a spectrum of this type as type-I. For the case (ii), on the other hand, tidal disruption does not occur, and the cutoff frequency is determined by the QNM of the remnant BH. In this case, for a frequency slightly smaller than *f*~cut~, the amplitude of the spectrum slightly increases with the frequency, that is a characteristic feature seen for the spectrum of BH-BH binaries (e.g., \[[@CR36]\]). We refer to a spectrum of this type as type-II. Figure 27Schematic figure for the gravitational-wave spectrum for the same masses of BH and NS with different EOS of NS for *a* = 0. For (i)-a, tidal disruption occurs far outside the ISCO. For (i)-b, tidal disruption occurs near the ISCO. For (ii), tidal disruption does not occur and the NS is simply swallowed by the BH. We refer to the spectra (i)-a and (i)-b as type-I and the spectrum (ii) as type-II. For *a* = 0 and $\documentclass[12pt]{minimal}
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                \begin{document}$0.13 \lesssim {\mathcal C} \lesssim 0.2$\end{document}$, the type-I spectrum is seen only for small values of the mass ratio with *Q* ≲ 3. The filled and open circles denote the cutoff frequencies associated with tidal disruption and QNM, respectively.

To quantitatively analyze the cutoff frequency and to strictly study its dependence on the EOS, the KT group \[[@CR194], [@CR107], [@CR109]\] fits all the spectra by a function with seven free parameters $$\documentclass[12pt]{minimal}
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                \begin{document}${{\tilde h}_{3{\rm{PN}}}}(f)$\end{document}$ is the Fourier spectrum calculated by the Taylor-T4 formula and *f*~*ins*~, *f*~ins2~, *f*~cut~, *σ*~ins~, *σ*~ins2~, *σ*~cut~, and *A* are free parameters. The first and second terms on the right-hand side of Equation [(126)](#Equ126){ref-type=""} denote spectrum models for the inspiral and merger phases, respectively. These free parameters are determined by searching the minimum for a weighted norm defined by $$\documentclass[12pt]{minimal}
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Among these seven free parameters, they focus on *f*~cut~ because it depends most strongly on the compactness $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathcal C}$\end{document}$ and the NS EOS. Figure [28](#Fig28){ref-type="fig"} plots *f*~cut~*m*~0~, obtained in this fitting procedure, as a function of $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ for *a* = 0. Also the typical QNM frequencies, *f*~QNM~, of the remnant BH for *Q* = 2 and 3 are plotted by the two horizontal lines, which show that the values of *f*~cut~*m*~0~ for compact models ($\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$) with *Q* = 3 agree approximately with *f*~qnm~ and indicates that *f*~cut~ for these models are irrelevant to tidal disruption. For *Q* = 3, *f*~cut~*m*~0~ depends on the EOS only for $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} \lesssim 0.19$\end{document}$ in logarithmic scales. The solid line is obtained by a linear fitting of the data for *Q* = 2 and Γ~2~ = 3. The short-dashed and long-dashed lines show approximate frequencies of the QNM of the remnant BH for *Q* = 2 and *Q* = 3, respectively. This figure is taken from \[[@CR107]\].

An interesting finding in \[[@CR107]\] is that the following relation approximately holds for the identical value of *Q*, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (G{c^{- 3}}{f_{{\rm{cut}}}}{m_0}) = (3.87 \pm 0.12)\ln C + (4.03 \pm 0.22).$$\end{document}$$ Namely, *f*~cut~*m*~0~ is approximately proportional to $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C}$\end{document}$ is much larger than a well-known factor 1.5, which is expected from the relation for the mass-shedding limit presented in Section [1](#Sec1){ref-type="sec"} (cf. Equation [(7)](#Equ7){ref-type=""}). (For binaries composed of spinning BH, this power is smaller than 3.9, but it is still much larger than 1.5 \[[@CR109]\].) This difference indicates that the cutoff frequency is not determined simply by mass shedding. Qualitatively, this increase in the power is natural because the duration of a NS for the survival against tidal disruption after the onset of mass shedding is in general longer for a more compact NS due to a stronger central condensation of the density profile.

Figure [26](#Fig26){ref-type="fig"} illustrates that *f*~cut~ is rather high, ≳ 2 kHz, for a variety of EOS, and thus, the dependence of *f*~cut~ on the EOS for *a* = 0 appears only for a high frequency. The reason for this is that for *a* = 0, tidal disruption can occur only for a small mass ratio (and thus for a small total mass) with a typical NS mass of 1.3−1.4 *M*~⊙~; see Equation [(8)](#Equ8){ref-type=""}. The effective amplitude of gravitational waves at *f* = 2 kHz is ∼ 2 × 10^−22^ for a hypothetical distance to the source of 100 Mpc. The amplitude is smaller than the noise level of advanced gravitational-wave detectors, but such a signal will be detectable to next-generation detectors such as Einstein Telescope \[[@CR91], [@CR92]\].

### Non-zero BH-spin case {#Sec3.7.2}

The gravitational-wave spectrum is qualitatively and quantitatively modified by the BH spin. In the following, we focus only on the case in which the BH spin and orbital angular momentum vectors align, because gravitational waves for the misaligned case have not yet been studied in detail. Figure [29](#Fig29){ref-type="fig"} shows the same relation as in Figure [26](#Fig26){ref-type="fig"} but for *Q* = 3, *M*~NS~ = 1.35 *M*~⊙~ and *a* = 0.75, 0.5, 0, and −0.5 with HB EOS (cf. Table [4](#Tab4){ref-type="table"}; left) and for *Q* = 4, *a* = 0.75, and *M*~NS~ = 1.35 *M*~⊙~ with various EOS (right). The left panel of Figure [29](#Fig29){ref-type="fig"} shows that the spectrum shapes for *a* ≤ 0, *a* = 0.5, and *a* = 0.75 are qualitatively different; for *a* ≤ 0, the exponential damping above a cutoff frequency, which is determined by the fundamental QNM of the remnant BH, is seen. In this case, tidal disruption does not occur. This is the type-II spectrum according to the classification in Figure [27](#Fig27){ref-type="fig"}. On the other hand, for *a* = 0.75, the cutoff frequency (*f*~cut~ ∼ 1.5 kHz) is determined by the frequency at which tidal disruption occurs. This is the type-I spectrum according to the classification in Figure [27](#Fig27){ref-type="fig"}. The spectrum for *a* = 0.5 is neither type-I nor type-II. In this case, there are two typical frequencies. One is at *f* ∼ 2 kHz, above which the spectrum amplitude sinks, and the other is at *f* ∼ 3 kHz, above which the spectrum amplitude steeply damps. The first frequency is determined primarily by the frequency at which tidal disruption occurs, and the second one is the QNM frequency of the remnant BH. We call this new type of spectrum type-III (according to the definition of Figure [18](#Fig18){ref-type="fig"}). In the right panel of Figure [30](#Fig30){ref-type="fig"}, we summarize three types of gravitational-wave spectrum. Figure 29*Left*: The same as Figure [26](#Fig26){ref-type="fig"} but for *Q* = 3, *M*~NS~ = 1.35 *M*~⊙~, and *a* = 0.75, 0.5, 0, and −0.5 with a moderately stiff EOS (EOS HB). *Right*: The same as the left panel but for *Q* = 4, *a* = 0.75, and *M*~NS~ = 1.35 *M*~⊙~ with various EOS. The thin dashed curves show the noise curves for LCGT, advanced LIGO, broadband-designed advanced LIGO, and Einstein telescope (from upper to lower). The figures are taken from \[[@CR109]\]. Figure 30*Left*: Schematic figure of the type-I gravitational-wave spectrum for a high-frequency side with different values of the BH spin but for the same masses of BH and NS, and NS EOS. With increase of the BH spin, the cutoff frequency decreases and the amplitude below the cutoff frequency increases. *Right*: Three types of the gravitational-wave spectrum. Type-I (i) and type-II (ii) are the same as those shown in Figure [27](#Fig27){ref-type="fig"}. Type-III (iii) is shown for the case in which the BH spin is high and the mass ratio (and thus the area of the BH horizon) is large. The filled and open circles denote the cutoff frequencies associated with tidal disruption and with a QNM, respectively.

For the type-III spectrum, we refer to the first (lower) typical frequency as the cutoff frequency in the following. In this definition, with increasing BH spin, the cutoff frequency decreases and the amplitude of the gravitational-wave spectrum for *f* ≲ *f*~cut~ increases. These two effects are preferable for gravitational-wave detection by planned advanced laser-interferometric detectors, because their sensitivity is better for smaller frequencies around *f* = *f*~cut~. These quantitative changes come again from the spin-orbit coupling effect (see also Sections [3.3](#Sec3.3){ref-type="sec"} and [3.6](#Sec3.6){ref-type="sec"}), as explained in the following.

Due to the spin-orbit coupling effect, which brings a repulsive force into BH-NS binaries (for the prograde spin), the orbital velocity for a given separation is reduced, because the centrifugal force may be weaker for a given separation to maintain a quasi-circular orbit. Due to the decrease of the orbital velocity (a) the orbital angular velocity at a given separation is decreased and (b) the luminosity of gravitational waves is decreased. Effect (a) results in the decrease of the cutoff frequency at which tidal disruption occurs. Effect (b) decelerates the orbital evolution as a result of gravitational radiation reaction, resulting in a longer lifetime of the binary system and in increase in the number of the gravitational-wave cycle. This effect increases the amplitude of the gravitational-wave spectrum of *f* \< *f*~cut~ for *a* \> 0. These two effects are schematically described in the left panel of Figure [30](#Fig30){ref-type="fig"}.

A more quantitative explanation follows. From the relation of the luminosity of gravitational waves, the power spectrum of gravitational waves is written as $$\documentclass[12pt]{minimal}
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                \begin{document}$${{dE} \over {df}}\propto{[f\tilde h(f)]^2}.$$\end{document}$$ In the 1.5 PN approximation, *dE/df* in the inspiral phase is written as $$\documentclass[12pt]{minimal}
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                \begin{document}${\bf{\hat S}} \cdot {\bf{\hat L}} > 0$\end{document}$ has to emit more gravitational waves than for *a* = 0 to increase the frequency (to decrease the orbital separation). This agrees with the explanation given above. In addition, Equation [(129)](#Equ129){ref-type=""} shows that *dE/df* is proportional to the square of the effective amplitude $\documentclass[12pt]{minimal}
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For binaries composed of a high-spin BH, tidal disruption can occur outside the ISCO even for a high-mass BH for a variety of EOS. Thus, the dependence of *f*~cut~ on the EOS is clearly seen even for a high value of *Q*. The right panel of Figure [29](#Fig29){ref-type="fig"} shows the spectrum for *Q* = 4, *M*~NS~ = 1.35 *M*~⊙~, and *a* = 0.75 with four different EOS. For all the EOS, tidal disruption occurs, and the value of *f*~cut~ depends strongly on the EOS. For EOS 2H and H, the spectra are type-I, but for EOS HB and B (stiff EOS), they are type-III. Thus, for a high BH spin, a type-I or type-III spectrum is often seen even for a high value of *Q*.

With the increase of *Q* (for a canonical mass of a NS ∼ 1.4 *M*~⊙~), the value of *f*~cut~ decreases (cf. Equation [(7)](#Equ7){ref-type=""}), and the effective amplitude at *f* = *f*~cut~ increases as the total mass increases. These are also favorable properties for gravitational-wave detection. The right panel of Figure [29](#Fig29){ref-type="fig"} indeed illustrates that *f*~cut~ is smaller than 2 kHz irrespective of the EOS, and also, that the effective amplitude at *f* ≲ 2 kHz is as large as the noise curve of the advanced detector for a hypothetical distance of *D* = 100 Mpc. For an even higher spin, say *a* ≳ 0.9, tidal disruption is likely to occur for a higher BH mass with *Q* ∼ 10. For such a case, the amplitude of gravitational waves at tidal disruption is likely to be high enough to be observable irrespective of EOS for *D* = 100 Mpc. This indicates that a BH-NS binary with a high BH spin will be a promising experimental field for constraining the EOS of high-density nuclear matter, when advanced gravitational-wave detectors are in operation.

Summary and issues for the near future {#Sec3.8}
--------------------------------------

The inspiral and merger of BH-NS binaries are among promising sources for kilometer size laser-interferometric gravitational-waves detectors. The merger remnant is also a possible candidate for the progenitor of the central engine of SGRB. BH-NS binaries are also invaluable experimental fields for studying high-density nuclear matter through astronomical observations. To derive accurate gravitational waveforms in the late inspiral and merger phases, and to explore the compact-binary-merger hypothesis for the central engine of SGRB, the numerical simulation in full general relativity, taking into account realistic physics, is the unique approach. We review the progress and current status of numerical simulations for BH-NS binaries, and summarize the current understanding obtained from numerical results. The following is a summary as of June 2011: In the final phase of BH-NS binaries, the NS is either tidally disrupted or swallowed by the companion BH. For a typical compactness of the NS, $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.14 - 0.20$\end{document}$, with zero BH spin, tidal disruption occurs outside the ISCO only for a small mass ratio of *Q* ≲ 3. For the case in which tidal disruption occurs, the final remnant is a BH surrounded by a disk of relatively small mass (say ≲ 0.1 *M*~⊙~).The effects associated with BH spin enhance the possibilities for tidal disruption and for disk formation. Even for a moderately large spin *a* = 0.5, the criterion of tidal disruption for the mass ratio is relaxed to *Q* ≲ 5, for, e.g., $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.17$\end{document}$. In addition the effects of BH spin increase the mass of a remnant disk surrounding a BH to ∼ 0.1−0.3 *M*~⊙~ for a typical NS of mass *M*~NS~ = 1.35 *M*~⊙~ with *a* = 0.75 and *Q* ∼ 5 \[[@CR109]\]. For a favorable condition, such as $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal C} = 0.145$\end{document}$ and *a* = 0.9, the disk mass may be ≳ 0.5 *M*~⊙~ \[[@CR74]\].For a binary composed of a high-spin BH with high mass ratio, the disk, if it is formed, has a spread structure. However, the simulations so far (in which detailed microphysical effects such as neutrino wind are not taken into account) have not shown any evidence that a fraction of NS material escapes from the system.The final merger process is well reflected in gravitational waveforms. Up to now, it has been found that there are at least three types of gravitational waveform. (i) For the case in which tidal disruption occurs far outside the ISCO, the amplitude of gravitational waves steeply damps in the middle of the late inspiral phase, and ringdown gravitational waves associated with a QNM of the remnant BH are not seen clearly. This type is referred to as type-I. For the case in which tidal disruption does not occur outside the ISCO, ringdown gravitational waves associated with a QNM of the remnant BH are clearly seen in the final phase of the gravitational-wave signal. This type is referred to as type-II. For the case in which tidal disruption occurs near the ISCO, there are two possibilities. One is that the amplitude of the gravitational waves steeply damps and the ringdown signal of a QNM is not seen clearly. This is the case that the mass ratio *Q* (and thus BH mass) is small, and the resulting type of the gravitational waveform is type-I. For a large value of *Q* (for a high BH mass), the disrupted material falls into the BH from a narrow region of the BH surface. In such cases, both the feature of steep damping associated with tidal disruption and ringdown gravitational waves associated with a QNM are seen. This type is referred to as type-III.Reflecting that there are three types of gravitational waveforms, the gravitational-wave spectrum is also classified into three types. For type-I and type-III, the gravitational-wave spectrum is characterized by the cutoff frequency associated with tidal disruption. For a given set of masses of BH and NS, and BH spin, the cutoff frequency is determined by the EOS of the NS. Thus, if the cutoff frequencies are determined for a detected signal of gravitational waves, the EOS of the NS will be constrained. The cutoff frequency is higher than ∼ 1 kHz (e.g., Equation [(8)](#Equ8){ref-type=""}). The frequency is lower for a NS of larger radii or for a rapidly spinning BH with a large BH mass. In particular, for a binary composed of a high-spin BH, the effective amplitude at *f* = *f*~cut~ is enhanced by the spin-orbit coupling effect. This effect is favorable for detecting a gravitational-wave signal at the cutoff frequency by advanced detectors.

There are several issues to be solved for the near future. First, more realistic modeling of NS is required because numerical studies have been performed with quite simple EOS and microphysics up till now. For more realistic modeling of BH-NS binaries (in particular for modeling formation and evolution processes of a disk surrounding a BH), more physical EOS should be taken into account; we have to take into account finite-temperature EOS, neutrino process, and magnetic fields (accurately evolving magnetic field configurations). Second, there is still a wide range of the parameter space that has not been studied. In particular, binaries of high BH spin (*a* \> 0.9) have not been studied yet. For the case in which BH spin is close to unity, the NS may be tidally disrupted even for a high mass ratio *Q* ∼ 20; cf. Equation [(12)](#Equ12){ref-type=""}. This possibility has not been explored yet. For such a high-mass binary, tidal disruption occurs at a relatively-low gravitational-wave frequency ∼ 1 kHz. This is favorable for observing the tidal-disruption event by gravitational-wave detectors, and thus, this deserves intense study. Recent work by Liu et al. \[[@CR130]\] indicated it feasible to perform a simulation with a high spin *a* ∼ 0.99 using a simple prescription (see also \[[@CR133]\]). A simulation with such a high spin will be done in a few years. Third, only one study has been done for the merger process of the binaries in which the BH spin and orbital angular momentum vectors misalign. In particular, any study of gravitational waveforms has not been done for this case. This is also an issue to be explored. Finally, it is necessary to optimize simulation codes to efficiently and accurately perform a large number of longterm simulations for a wide range of parameter space. This is required for preparing template sets of gravitational waves that are used for gravitational-wave data analysis. Work along this line has recently begun in 2010 \[[@CR153], [@CR110]\], and in the next several years, it will be encouraged because the preparation of theoretical templates is an urgent task for advanced gravitational-wave detectors.

Basic Field Equations {#SecA}
=====================

In the BSSN-puncture formalism, the typical variables to be evolved are $$\documentclass[12pt]{minimal}
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A point in the BSSN formalism is to rewrite the Ricci tensor, e.g., as $$\documentclass[12pt]{minimal}
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In the generalized harmonic GH formalism, the typical variables to be evolved are spacetime metric *g*~*μν*~, and $$\documentclass[12pt]{minimal}
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                \begin{document}$${D_{i\mu \nu}} = {\partial _i}{g_{\mu \nu}}.$$\end{document}$$ The evolution equations in the GH formalism are written in first-order form. In contrast to the BSSN formalism, there are several options for the basic equations, in particular, in the choice of the constraint damping terms. The details of the formalism employed in the CCCW and LBPLI groups are described in \[[@CR129]\] and \[[@CR6]\], respectively. The GH gauge condition is explicitly written as $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma _{kl}^j$\end{document}$ is the Christoffel symbol associated with *g*~*μν*~. A suitable choice for *H*~*μ*~ is still under development, e.g., the CCCW group employs a rather phenomenological function \[[@CR58]\], and LBPLI employs *H*~*μ*~ = 0 \[[@CR6]\].
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